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1. HeobxoaumMu m A0CTATBHYHHN YCJOBUSA 32 ONTHMAJHOCT HA TPAHUIINTE HA
JleBeHINIElH.

IIpes 1996 r. B paborara |1] (cpaBropure lanso /Janes u Cunsus Bymosa mo ToBa Bpeme Osixa
crynentn BB @MU, Mo AUIIIOMAaHTH) € MOKA3aHA CIETHATA TeOpeMa.

Theorem 3.1 The bound Ly, (n,s) can be improved by a polynomial from A, s of degree at
least m + 1 if and only if Q;(n,s) < 0 for some j > m + 1. Moreover, if Q;(n,s) < 0 for some
Jj>m+1, then Ly (n,s) can be improved by a polynomial from A, s of degree j.

Taszu Teopema naBa HEOOXOIMMU W JTOCTATHIHN YCJIOBAA 34 TJIO0ATHA ONMTUMAJHOCT Ha, TPAHMU-
mure Ha JleBenmeitn (Buj sokaaHa omrumasHocT € m3pectia or 1980 r.). C apyru mxymwm, Teope-
MaTa JaBa HeO6XO/:LI/IMI/I U JOCTATHYHU YyCJOBUA 3a CHINECTBYBAHETO HA ITOJIMHOMU, HO,Z[O6pHBaH_H/I
ChOTBETHUTE rpaHuiy Ha Jlesenmeitn. Te3n ycaoBus ca u3caeIBaHu B ChIaTa CTATH, 8 METO 3a
KOHCTPYMPAHETO Ha IIO/XO/ISIINN TIOJMHOMY € [IPe/JIOZKEH 1peju ToBa B [2] (KakTo u guceprarnusra
mu mipe3 1993; Bk. cbio [10]). Teopemara e 06061merna mpes 1998 1. 3a MOTHHOMHUATHA METPUTHH
upocrpancrea B paborara [3].

Basknocrra ma Teopema 3.1 berre orbenszana oT camus JIeBeHIeH, KoWTo BKIOUN 000011Ie-
HUETO 3a TTOJUHOMUATHE METPUIHM TPOCTPAHCTBa B ryiasata [4], kosTo mammca 3a Handbook of
Coding Theory, karo Teopema 5.47 (¢ mMO-KpaTKo, HO TO-CHINECTBO HAINETO JOKA3ATEICTBO). B
kuaurata [5| Epukcon n 3uHoBHEB BK/IIOUMXa TeopemaTa Karo Teopema 2.6.1 (¢ mokazareacTBoro
or [1]), a & 2.6 e o3arasen "The Boyvalenkov-Danev-Bumova criterion".

Amnamosn wa Teopema 3.1 3a yHuBepcCaHE TDAHUIA 33 €HEPrHU Ha CEpUUIHU KOIOBe Osxa
nokazanu mpe3 2016 r. B paborara [6] (Bropara uact ma Teopema 3.1), Ha KozoBe B XeMUHTOBU
npocrpancrea B [7] n npes 2019 1. 3a eHepruu Ha KOJ0BE B IOJMHOMHUAIHNA METPUYHH IIPOCTPAHCTBA
B paborata [8]. Ilomoben pesynrar Gemre mokasan u or Kon-ge Kopceu-Aiiprann B [9] mpes 2018 .
NurepecHa creppaima crbika e npejyoxena or Capaapu-3aprap [17].

Paborara 1] uma 44 nesaBucumu murupanus (19 or Tax B Cromyc u mo 1 B Monorpadunte

18, 4, 5]).



2. YHuBepCcaJIHU IPAHUNM 32 €HEPIrUN U NOJAPU3ANNN HA KOJOBE U Ju3aiiHu.

2.1. Energy bounds

B paborara [6] e pasBura TeXHUKA U € JOKA3aHA CJIEJHATA YHUBEPCAIHA JIOJHA [PAHULA 34
eHeprun Ha cHEPUIHU KOJIOBE.

Theorem 3.1 Let n, N be fized and h(t
T =1(n,N) is as in (18), and choose k = [ 75
and p;, i1 =1,...,k, as in (21). Then

be an absolute monotone potential. Suppose that
]. Associate the quadrature nodes and weights «;

k
E(n,N;h) = Re(n, N;h) :== N*> " pih(on). (1)
=1

Moreover, the polynomials defined by (i), respectively by (i1), provide the unique optimal solution
of the linear program (11) for the subspace A = P and consequently,

W(n,N,P:;h) = R-(n, N;h).

YuupepcanasocTTa Ha rpanunara (1) e B cmuchia ua Jlepenmieitn [4] u ce nposiesiBa (momrbiasa)
U B HSKOU JIpYT'U acnekTu. BebimuaocT ToBa ca 6e36poiiHo MHOTO MPAHUIM, KOUTO CE TOJyYIaBaT 110
€IVH W CbIIN HAYWH, a Bb3JIUTC Ha OINTUMAJIHOCT (; U TErJlaTd p; HE 3aBUCAT OT IIOTEHIUAJIA h
(rakmBa, abCOTIOTHO MOHOTOHHH, TIOTEHIMAIN UMa Hem3bponso MuOTO). Hero mosede, rpanunara
ce JOCTHUra TOTaBa W CaMO TOraBa, KOTATO Ce JOCTUra I'DAHUIATA HA JIEBEHIEWH U, B 9aCTHOCT,
ce JOCTUTA OT BCUYKN YHUBEPCAJIHO ONTUMAaHK KoHdurypamnu ot paborara va Kon-Kywmap [11]
ot 2007 r. ¢ m3kmouenne Ha 600-kneTkaTa. [lo To3m HavmH ropHaTa TEOpeMa M CBbLP3AHUTE C Hed
pesyaratu ot [6, 8, 13] obenunsiBar pazbupanusita 3a yausepananoct Ha Jlesenmeiin or 1990-Te u
ua Kon-Kywmap [11] or 2007 u msikon ciaensanm cratuu Ha KoH u cbaBTOpH.

B monorpadusra [12] TiiaBa 5 e nocserena Ha rpaHunuTe Ha JMHEHHOTO IIPOrpAMHUPaHe 3a
eHepruu Ha cheprdHn KOJ0Be W Ha YHUBEPCATHO ONTHMAJTHUTE CHEpUIHE KOM0Be, Kato & 5.5 u
5.6 passuBar Teopusita u Jokaspar rpanunara (1) (Bxk. Teopema 5.6.5).

Texuukure o1 [6] Gsixa pa3sBUTH U U3MOA3BAHU OT aABTOPUTE 3 [I0JyYaBaHe HA HOBU YHUBED-
CaJIHU TDAHWIN 33 KOJ0Be ¢ (BDUKCHpaHU AuaMeTbp W MommHocT [13, 15|, KakTo u 3a 06obiieHme
Ha rpanunure Ha Jleenmeiin [14, 10, 15]. OcHoBHUTE pe3ysiTaru 3a yHUBEpCAJHU IpaHuIy Osaxa
npeHeceHn U 000OIIEHN 3a KOJIOBE B TOJWHOMHUAJIHI METPUYHU TPOCTPAHCTBA B [§].

Paborara [6] mva 5 wHesasucnmu nmrupanus B Crotyc, a mpeaxoxaamara s pabora [16], Kb-
nero rpanunata (1) e anoncupana, nma 6 wesasucuvu nutupanua B Cromyc.

2.2. Polarization bounds

B pa6orara [19] or 2023 1. 3a IpbB BT Ca TOJTYIEHN YHUBEPCAJTHU IPAHUITH 3, [TOISPU3AIIAATA
Ha cepuuHN KOJOBE U JU3AMHN, KATO €IWH OT EHTPAJHATE PE3YITATH € CIeTHATA TEOPEMA.

Teopema 3.4 ([19, Theorem 3.4, Corollary 3.9]) Suppose C' is a spherical T-design of cardinality
N on S™ 1, where 7 =: 2k — 1 + ¢, € € {0,1}, and that the potential h is continuous on [—1,1],



finite on (—1,1), and has a nonnegative derivative h***9) on (=1,1). Then

m'(C) > NS pih(os). 2)

i€l

where the index set I, the quadrature nodes {c; }icr, and the positive weights {p; }icr are determined
as follows: I = {1 —€,...,k}, {a;}jer are the zeros of the (possibly adjacent) Gegenbauer

polynomials (1 + t)eP,EO’e) (t), the weights {pi}icr are positive, sum to 1, and are given by

1 1
P /_ (0 dualt) = /_ O dun(), (3)

where (;(t) denotes the Lagrange basic polynomials associated with the nodes {a;}ier.

Moreover, the bound (2) is the best that can be attained by linear programming via polynomials
f of degree at most T for which f < h on [-1,1].

In addition, if a spherical T-design C, |C| = N, altains the bound (2), then there exists a point
T € S"7! such that the set 1(z,C) of all inner products between T and the points of C coincides
with the set {a;}icr, and the multiplicities of these inner products are {Np;}icr, respectively. In
particular, the numbers Np;, i € I, are positive integers.

Paborara [19] Beue monyun 4 wesasucnmu nmrupanus B Cxromyc. Paborara B ToBa Hampas-
JIEHWE TPOIbJIXKaBa, KATO Ca TPEJIOKEHN 33 NyOauKyBaHe 3 CTaTHUH, 2 OT KOUTO B HAMPETHAJ
mporiec Ha pereH3upade. JlokazaHa e onTUMaIHOCTTA HA TOJIIM OPOil KOJOBE B PA3/JIMYHN 331891
3a mosgpusanusd. [IpegcTon npenacsaueTo nu 0000IIABAHETO HA TE3W PE3Y/ITATH B MOJUHOMUATHI
METPUIHHU TTPOCTPAHCTBA.

3. NIzcnenBanus Ha KOAOBE U JU3allHU B MOJUHOMHUAJIHU METPUYHU HPOCT-
paHCcTBa.

B cepust ot paboru (Homepa [64,62,60,56,54-43,41-38,31-29,22,20-19,16,14-10,5-4] or crimch-
Ka ¢ paboTu TO KOHKypCa) Ca PasryefaHn 3a7a4uu, CBbP3aHU CbhC CTPYKTYPATA HA OMTHMAJI-
HU ¢ OJU3KH JI0 ONTHMAaJIHATE KOJOBE W JU3aiiHi B Pa3/JUYHHA IPOCTpaHCcTBa. lIpeioxkenn ca
[64,62,60,56,54,40-38,30,6] u ca npuioKeHn MeTOIM 3a NpPECMATAHe HA CHEKTPH (pasIpejeseHue
HA PA3CTOSHUATA) HA TaKWBa KOIOBE W TU3aiHM, KATO PE3YJTATATE /IABAT BAXKHU XapaKTepU3a-
muu [62,60,56,54,40-39,29,10,6-4], a B HKOM ciyuan U HOBM Pe3y/ITaTh 3a HecblnecTByBaHe [64,54-
52,48,44-43,41,39,30,19,16|. Hamepero e [64] cumerpuanoTo KOHTAKTHO 9ncio 75 = 40 (To3u pe-
gyarar or 1993 nopm m jlocera He € TOBTOPEH OT HOBUTE METO/N 33 IOJIYOIPEIe/eHO ONITUMUPAHE,
KOWTO JOCTHraT caMo j10 42 kaTo ropua rpanura). /Jlokazana e [49| equrcreenocrra na 11-1u3aiina
¢be 120 TouKM B 4-MEPHOTO €BKJINI0BO MPOCTPAHCTBO (BK. cbio [50]). IToayuenn ca xapakrepu-
3anny Ha HeJMHetHn Kojose ¢ jBe pascrosanst [22,14,10,5], Kouro mombaBaT U3BeCTHUTE TAKWBA
3a JUHEUHN KOJOBE.

3a BarKHOCTTA HA TE3W PE3YJATATH CBUAETEJCTBA Ka3zanoTo B kuurara Algebraic Combinatorics
(Eiichi Bannai, Etsuko Bannai, Tatsuro Ito, Rie Tanaka), De Gryuter 2021: "Besides, there are
works of Boyvalenkov [105] and his school to improve the Fisher type lower bound for ¢-designs



(|106, 107, 108, 104, 378]).... ... As subsequent developments, there are some works by the group
of Boyvalenkov [107, 108, 109] ... ".
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