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1 Paboru mo Teopus Ha KOIUPAHETO

OcHoBHUAT npobJieM HA TEOPUs HA KOAUPAHETO € TOUYHOTO WU IPUOIU3U-
TEJIHO BDL3CTAHOBABAHE HA CLOOIIEHVE, PEHEPUPAHO HA APYTO MACTO U/Win
B apyr momeHT. Cwriaacuo 3abenexkurennara teopema Ha Kiaon lenbr or
1948 r., cbmecTByBaT (6JI0KOBU) KOMOBE CLC CKOPOCT, JIEMKAIla IIPOU3BOJIHO
0130 MO KamalMTeTa Ha M3IMOJ3BAaHUSA KaHAJ, KaKTO W TAKOBA IMPABUJO 34
IOEKOIVpaHe, Ye BEePOATHOCTTA 3a I'PEIKa IMPU JeKOAUpaHe Ha IPOU3BOJIHA
KOJZIOBa AyMa € IO-MaJIka OT IPEeABAapPUTENTHO (PUKCUpaHA MOJOKUTETHA KOH-
cTaHTa. DBmbBemeHuTe 3a MOKA3aTEJICTBOTO HA Ta3W TEOPEMa CTOXACTUYHU
KOJIOBE Ca C TOJIKOBA TOJAMAa IbLJHKWHA, Y€ MPAKTUYECKOTO WM U3IMOJ3BaHE
eqBa JI1 HAKOTA Ie ObAe BH3MOKHO. B TO3U CMUCDHI M3KIIOUYUTETHA POJIS
3a IPUJIOKEHUATa mMa oOpaTHaTta Teopema: He e BL3MOXKHO mpenaBaHETO
Ha NAHHU 10 KaHaJ C IIyM C IPOU3BOJIHO MAaJIKa BEPOATHOCT 3a& TI'PEINKa
npu AeKOAMpaHe, KOraTO CKOPOCTTA Ha WM3MOJI3BAHUSA KOJX € IMO-TOJIAMa OT
KamalurTeTa Ha KaHajga. 1aka KOHCTPYUPAHETO HA ONTUMAJHU OT MaTeMa-
TUYEeCKa IJIeqHa TOUYKa KOOBe, KAKTO U Ha €(PEeKTUBHU AJITOPUTMU 38 TAXHOTO
IEeKOIUpaHe, ce MPEBPDBINA B IEHTPAJHA 3aJada B T€OPUsS HA KOIUPAHETO.

1.1 TITourwn-MP womose [7, 11, 20]

Knacuueckoro cemeiicrBoro na MIIP-rkomoBere, T.e. KOIOBe JjeKamu HA
rpanunara sa CUHIBLITDHH, € CPpel Hall-U3MOJI3BAHUTE KJIACOBE JUHEHHU KO IO~
Be. Taka HampuMmep KOIUPAHETO HA JAHHUTE BBLPXY KOMIIAKT- IUCKOBE CE OCTh-
mectBsaBa ¢ konose Ha Pun-Comomon, kouro ca MIP xkomose. 3amauara 3a
HaMVpaHe Ha MakcuMaJjHaTa ObirkrmHa HA MJIP-ron ¢ ¢urcupana pasmep-
HOCT HaJ (UKCUPAHO IOJIe € pelleHa caMO 3a MPOCTU MOJIeTa U € OTKPUTA
B obOmus cayuaii. Ts e ekBuBajieHTHa Ha KJIacUYECKATa 3aaYa 32 HAMU-
pame Ha MaKCUMAaJHUA OPOM TOUKM B OOIIO MOJIOKEHUE, KOUTO MOTaT 1a Obh-
nat usbpanu B kpaitnara reomerpusi PG(k,q). Hanuunure ropuu rpasunm
moKa3BaT, ue Haii-nobpute M /IP-konoBe nmar chbmus nOpAaabK KATO MOITHOC-
TTa Ha IOJETO, Hal KOeTO Ceé KOHCTpyupaTr. B MHOro ciaydaum ToBa € HEy-
nmoBierBopuTenno. B paboru [7, 11, 20| ce BLBeRIA U U3CIEABA HOB KJacC
OT KOIOBE, KOUTO C€ OTKJIOHABAT “MaJyiko”’ oT rpanunara Ha CUHI'LITDLH,
HO 3ama3BaT B AOCTaTbLuyHa cTeneH cBolictBata Ha MJ/IP-komosere. ToBa e
KJIacHT Ha T.Hap. mouru-MIIP komnose.

Craruure [7, 11, 20] ca mocBerenu Ha wm3ciaensasHero Ha moutu MIIP-
komoBe. To3u BakeH kJjac JuHeliHU KOomoBe Oe BLBemeH oT JlomyHekoB u
Jlanmkes [7] u Bemmara npeaus3BUKa OIPOMEH MHTEDPEC y CIENUAIUCTUTE 10



TEOpUs Ha KOoOupaHeTo. B Tasu mbpBa pabora ca HaIpaBeHU HAKOJIKO Xapak-
Tepuzamuu Ha moutu-MIIP komoBeTe, mpecMeTHAT € TOUYHUSA UM CIEKTDHLD U
ca IOKa3aHW JOJHU U FOPHU TPAHUIMU 3a MakcuMaiaHaTta nbiukuaa m'(k,q) Ha
noutu-M/IP kom ¢ pa3mepnocTt k manm moise c q emementa. Ilo-cmenuasnuo
MOKa3aHO €, Ue

q+12y/q] <m(k,q) <2q+k -2,

KaToO JOJIHATA TPAHUIA Ce ToJydaBa oT ajrebpuunu kpusu ot pox 1 B PG(k, q),
a rOpHATA TPAHUIA Ce OJydaBa OT FEOMETPUYHM CLOOpaskeHua. Te3n OneHKn
He ca MoAOOpEeHu U 10 JHEC.

B [7] u [11] ca uscaenBaru ca Bpb3kure Ha nouru MIIP-konose cbne cme-
[UAJHA MHOYKECTBA OT TOYKM B IPOEKTUBHU T'€OMETPUM HAI KpalHu IoJera.
Taka, wanonsBaiiku knacuduranusara Ha (9,3)-aprure B PG(2,4), B [11] e
nmokazaHa enuHCcTBeHOCTTA Ha moutu-MIIP komosere ¢ mapamerpu [11,6,5]4,
[11,5,6]4 u [12,6,6],. Ille orGenesxum, e m3noa3Baiku nmocaenaus ko lymep
1 3UHOBUEB IIOJIyYNXa KACKAIHO MIPEACTABAHE Ha KJIACUUECKUs IBOUYEH KO
Ha [oseit ¢ mapamerpu [24,12,8]. Karto mesxauHeH pe3yiTaT € IOJNyUYeHA U
kKiacudukammura Ha Komose ¢ mapamerpu [10,4,6]4 u [10,6,4],. B [11] e pe-
[IeHa 1 3aJavaTra 3a HaMupaHe MakCUMaJHaTa ILJ/LKuHa Ha nmouru-M /P konx
HAJ IOJI€ C YeTUPU €JIEMEHTA M IPOU3BOJIHA PA3MEPHOCT.

Bcuuku m3BecTHU pe3yaTaTy 3a MaKCUMAaJIHATA NLIDKUHA Ha nodTtu- MV /[P
KOZOBe HaJa Masku mosera (¢ < 13) ca npexncraBenu B paborara [20]. 3anaua-
Ta € OKOHYATEJHO PEIIeHa 3a ¢ < 5, KATO 3a OCTAHAJM II0JIeTa MAKCMMAaJHATA
ILJLKMHA € OFPAHUYEHA B OTHOCUTEJIHO TECHU I'DAHUIIA.

Haii-Ba:kna B Ta3um rpyma or cratuu e [7], koaTro nMa okosno 150 muruy-
panus u e orbesia3aHa BLB BCUYKA MOHOTPAQUU MO TEOPUs HA KOAUPAHETO U
KpaliHU reoMeTpuu, moaBuau ce ciaen 1995 r.

1.2 Komose man npwerenu [16, 19, 44]

Emna ot Haii-uzcienBanuTe o0sacTy B TeOpUA Ha KOOUPAHETO IPE3 MOCJIEN-
HUTe 15 roamHU e JMHENHU KonoBe Haxa NpbeTeHu. [IbpBoHavamHo GoKycHT
Ha Te3W M3CJeABaHUA O€ BBbPXY NPBHLCTEHU OT OCTATDHIU U MO-CIEIUAIHO Zy.
To3u mHTEpeC ce moAXpaHBAIle OT M3HEHAIBAIIOTO OTKPUTHUE, Ye KIACUIECKUA
cemeiicTBa oT HenuHelHu romose (karo Te3um Ha Kepnok u Ilpemapara) ca
BCBLITHOCT ABOUYHU OOpas3y Ha KOMTOBE, KOMTO ca JjuHelnu wan Z,. Ilocre-
IMeHHO OsXa MOoJIydyeHu NOOpU KOMOBE U HAM APYTW NPHLCTEHU U BL3HUKHA
HEOOXOIMMOCT OT Cb3AaBaHe Ha O0ma Teopus HA JUHEHHUTE KOIOBE HAM
IIOAXO I KJIac OT mpbLcTenu. To3m kiaac Tpsabsame ma O0Laoe m30OpaH Taka,
Je na BKJIIOYBA BaKHU CEMeENCTBa KATO NPBHLCTEHW Ha l'ajgoa, MPpbCTEHU OT
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OoCTaTbhliXd, INPHCTECHU Ha AYAJHUTEC YUCITIa U IIP. HpI/I TOBa TeOopusTa Ha
Te3M KOIOBE TpabBalle na € CMUCJIEHa, T.e. & IO3BOJIABA JOKA3BAHETO
Ha aHAJO3W Ha HAW-Ba;KHUTE pPE3yJaTd OT TEOPUATA Ha JIMHEAHUTE KOIJOBE
HaJ KpaiiHu mosera (Kato Teopema Ha MakYumisaMmc 3a €KBUBAJIEHTHOCT Ha
KOJOBE, ThikaecTBa Ha MakY nisamc u ap.). He Ha mocienHo mscTo Komosere
Ha TO3M KJac TpabBamme ma MOMYyCKAT yIOBJIETBOPUTEIHA F€OMETPUYHA WH-
Tepuperanua. B mopemuna OT cTaTuM HanucaHu B cbhbaBTopcTBO ¢ T. XoH-
0JII TOKa3BaMe, 4e Hal-TOAXOMAAIMUAT KIAC OT NPLCTEHN 3& TaKaBa TEOPHUA €
KJIaCLT HA KPAWHUTE BEPWKHU NPLCTEHU; M0 Ae(PUHUNNAA TOBA Ca NPLCTEHU,
3a KOMUTO pelieTkara OT JeBuTe (mecHUTE) mpeaiay obpasyBa Bepura.

B cratua [19] e pasBura ZOCTATDHLYHO IILJIHO TEOPUATA HA JIMHEHHUTE
KOJIOBE HAJ KPAWHU BEPWKHU NMPLCTEHU. [0JAMa YacT OT TeOpuaTa Ha JIu-
HEHUTE KOJOBE HAJI MOJIETa MOKEe na 0bae MpeHeceHa OTHOCUTEHO 0e3mpo-
0JEeMHO, HO BCE Mak ce 3a0eA3BaT TPYAHOCTH, CBLP3aHN C'LC CLINECTBYBAHE-
TO HA HEKOMYTATUBHU BEPWXHU NpbCTeHU. ToBa HaJsara 0ocOOEHO BHUMAaHUE
npy neduHUpaHe Ha MOHATUATA AyaJeH M CAMOLyaJieH KOX (II0-KOPEKTHO 6u
6UIO0 OPTOrOHAJEH U CAMOOPTOTOHAJIEH Kon). IloHATMETO pa3MepHOCT Ha
KOl CLI0 TPAGBa na 6bLae mpemehUHUPAHO TaKa, de ma HOCU UHPOPMAIWS
3a MOomHOCTTa Ha kKoma. OEka3Ba ce, ye m XeMUHrOBaTa METPUKA HE € OC-
06eno mobpe mpuUrogeHa 3a NPEINCTABAHE Ha NIyMO3AIIUTHUTE CBOWCTBA HA
JUHENHUTE KOIOOBE€ Hald BEPUWKHU IIPBLCTCHU. HpaBI/IJIHaTa TET'JIOBA (byHHHI/IH
TYK € T.Hap. XOMOTE€HHO Terjo, BbLBemeHo oT Xalize m KoncramTumecky,
ABsiBAINO ce obobmenue Ha Terioro Ha Jlu. B cratus B [19] Bcuuku Tesn
TPYIHOCTU Ca MPEONOJEHN 1O €AUH yI0BJIETBOPUTEICH HAUNH.

B [19] ca mokazaHu u aHATO3W HA HAKOW BAYKHU PE3yJITATH OT TEOPUs HA
JIMHETHUTE KOJOBEe Hal KpaiiHu mnoseta. JlameHo e KOMOMHATOPHO MOKa3a-
TEJICTBO Ha ThikAecTBaTa Ha Maky misMc, KouTo ca 0000IMEeHn MO-KLCHO B
[23] 3a mpou3BoOIHM KOMOBE Ha KBA3u()pPOOEHNYCOBU NPHLCTEHU (KOUTO TPUB-
MAJTHO BRJIIOUBAT BEPUKHUTE IPLCTEHN). [[PUHIUIHO HAM-BAKHUAT PE3yJaTaT
B [19] e MOKA3aTENCTBOTO, Ye C BCEKU JIAB JUHEECH KO C I'LJHA ILJKAHA ©
HAJ KPA€H BEPWKEH NPLCTEH R MOMKe na Ceé CBLPMKE MYJITUMHOKECTBO OT
TOYKM B aAcHara reomerpus Ha Vemmcaes PHG(R?E) u T0o mo TaxLp HAUMH,
ye 1Ba KOJA Ca M30MOP(YHU, KOTATO CBLP3aHUTE C TAX MYJITUMHOMKECTBA Ca
NPOEKTUBHO E€KBUBAJEHTHU. TOBa IMO3BOJIABA BLBEKIAHETO HA AHAJO3U HA
Ba;KHU KJIACOBE OT KOMOBe: KomoBe Ha XemuHTr, CUMIIEKC KOJOBE, KOMOBE Ha
Maxk/louamnm.

Enso or mpeamMcrBara Ha KOmOBETE Hal NPLCTEHU € TOBA, Y€ TE Ha-

'KasBame, ue xoabT C e ¢ IbJIHA ILJKAHA, KO HUKOA KOODIUHATA, HE Ce ChIbDAKA B

Rad R.



BAT KACKAHO IPENCTABSIHE HE CaMO Ha HEJWHEWHU KOMJOBE, HO W Ha BaKHU
JUHEWHN KOMOBE HaJa KpalHu mojeTa. VICToOpuYyecku TOBA € M IbpPBaTa MO-
TUBALUA 32 pa3rieskIaHe Ha Te3u kKojose. B pabora [17] ce mznara teopus
Ha JUHEMHATA MPEACTABUMOCT Ha KOAOBE HAA MaJika a30yka dpe3 JIMHEHHU
KOZIOBE HAJ BEPWKEH NPLCTEH. BbhBemeno e T.HAp m3obpaskenue Ha Pun-
CoaomoH, KoeTo e 0000IEHNEe HA KJIACUUYECKOTO m3o0paskenme Ha ['peit, u3-
npamamo Z; LB Fi. IlokazaHo e, ye B CJIydyas HAa BEPUKHU NPLCTEHU C
WHIEKC Ha HUJIMOTEHTHOCT 2 TOBA M300pasKeHUE € MOPU U30METPUS MEKIY
R" ¢ xomorenna merpura u FI" ¢ Xemmurosa merpura. Ipyr narepecen
pesyarar B [17] e caemuusar: ako a3bykara, B KOATO n300passiBaMe JIMHEECH
KOJ HaJ BepU:KeH NpbeTeH R e kpaitno noge F, u char R = charF,, To obpa3sT
Ha KOJa MOXe na Obmae HampaBeH juHeeH. JlOkazaHO e, Ue rojsma 4acT OT
komoBere Ha Mak/loHanm ca AuHEHHO MpeNCTABUMU HA BEPILKHUA MPHLCTEH
Ha O-AyaJIHUTE YUCIIA.

PaGora [16] e mocBerena Ha enHa 3ajadva 3a JMHEHHATA MPEICTABUMOCT
Ha kKomoBeTe Ha Pum-Magep. Kakro orbensszaxme mo-rope, 3amadara 3a
JUHEeRHATA NPEeICTABUMOCT (HAJ BEPIKEH NPBLCTEH) HA BayKHU KIACOBE OT
auHelHN (Hax KpalHO moje KOJOBE) € C ToJisiMa BajKHOCT B TEOPUs HA KOIU-
panero. Ome B kJacuyeckara pabora Ha XambHC, Kymap, KammepOank,
Crnoan m Core 3a jguHelHaTa TPEACTABUMOCT Ha KOJOBeTe Ha Kepmokr u
[Ipenmapara Ge moBOUrHAT U BLIPOCA 3a JUHENHATA MPEACTABUMOCT HA KOIO-
Bete HA Pun-Manep. Te ycmsaxa ma mokaskat, ue kKomoBere Ha Pun-Masep ot
ILPBU U BTOPU PEI ca JUHEWHO npencraBumu Hand Z,. [lo-kncuo Jloy, Kax-
ToHeH 1 Komowen mokasaxa, ye komoBere Ha Pun-Masep R(r,m), 3 <r <m
He ca JUHEHHO npeicTBuMu HaL Zy. Pesynrarsr, qoksan B [16] e, ye Bcuukm
ABOMYHU KOmMoBe HAa Pun-Masep ca nuHetHO npencTaBUMU HAL APYTUSA BEPU-
’KeH TIPBLCTEH ¢ yeTupu enementa — Fo[X]/(X?).

B [44] ca mpencraBeHuM nBe HOBM KOHCTPYKIMM 3a R-JIMHEWHU KOIOBE,
CDIBLPIRAIIN TTOAKO, aCOMUUPAH CHC CUMIUIEKC Koma Haa npbherena R. Cum-
IJIEKC KOJOBETE ce neprHUPAT KaTO KONOBE, MOPOAEHU OT MaTpUIa, MMAIla
3a CT'I)JI6OB€ XOMOI'€HHUTE KOOPIMHATW Ha BCHUYKM TOYKM B IIPDOCKTHUBHATA
reomerpus Ha Memnmaces PHG(RY). IInpsara koHCTpYKmMA 0606maBa emqus
HEOTAaBHAIIEH pe3yaraT Ha Kupwmatiep m llBanurep 3a rkomoBe ¢ IpPO3BOJHA
pazmeprocT. O000IEHneTO € BBL3MOKHO OJsarogapeHre Ha TeOMeTPUYHATA
WHTEPIPETAINSI, KOATO daBaMe Ha TAXHATA KOHCTPYKHus. s ce ¢cnbcTou B
noOaBAHETO HA ‘HeCBOOOMHU penoBe M CTLJIOOBE KbM HOpakIallaTa Ma-
TpuIa, UMAIY HYJIW B IMO3UIMM, OTTOBAPSAIMM Ha HAKAKBa XyOaBa KOHOUIY-
pamusi oT ToukM (XumepoBas). BTopara KOHCTPYKIUSA U3MOI3BA BMECTO CUM-
IIJIEKC KO, MPOU3BOJIEH JUHEEH KO, aCOIMUPaH C XybaBa apkKa B PHG(R’;%).



KoucTpykuuure paboTAT U ¢ ABaTa BEPWKHU IPLCTEHA C YETUPU €JIEMEHTA,
HO TO-TOOPY IBOUYHU KOJOBE Ce MoJydaBar npu R = Zj,.

1.3 Ounrumasnuu auneitnu komose [8, 12, 14, 15, 18, 29, 30, 32,
34, 36, 41, 46, 51]

IlenTpasua 3amavya B TeOopus Ha KOOUPAHETO € ONTUMU3UPAHE HA €OAUH OT
TPpUTE OCHOBHUM ITapaMeTbhpa Ha JWHEeH KOO — ALJKWHA N, pa3MepHocT k,
MUHUMAJIHO Pa3CTOsgHME d — aKO OCTaHajuuTe nBa ca ¢urcupanu. Tara ce
MAOCTUTA A0 TPU ONTUMU3ANUOHHU 3a0a4UM, HAll-CUJIHATA OT KOUTO € 3aadaTa
3a HaMUpaHe Ha MUHUMATHATA ILLKAHA N,(k,d) Ha TuHEEH KOL ¢ PUKCUpaHA
pPa3MepHOCT k 1 GUKCUPAHO MUHUMAJIHO PA3CTOAHUE d HA MOJIE C ¢ €JIEMEHTA.
Ta3u 3amava e M3BeCTHA KAaTO OCHOBHA 3ajadva HA TEOPUSA Ha KOIUPAHETO.
Ensa rmacmuecka rpasuna e rpanunara Ha ['puiicMbp: 3a Bceru [n,k,d],-

KO € M3II'LJIHEHO
k-
n > gq,(k,d) = Z
i=0

Jluneen kon ¢ mapamerpu [g,(k,d), k,d|,, Hapuaame ron ma I'puiicMbp.
N3zBectHO €, ue komoBe Ha ['pUiicMLP CBLIMECTBYBAT 38 BCAKO HOCTATBLYHO
roiamo d. CraemoBaresiHO, 3aavaTa 3a HaMUpaHe Ha TOYHATA CTOWHOCT
ng(k,d) npu ¢puxcupanu k,q u 3a Bcuuku d € kpaliHa. 3a rojeMu k IpaHunaTa
Ha ['puiicMbp e mocra HeTOUHA CBHTIACHO enuH pe3yarar Ha Jlogynekos. 3a-
TOBa € IPUETO 3alavaTa 3a HaMUpaHe Ha TOYHATa croinoct Ha n,(k,d) na ce
aTaKyBa HaJ MAaJKU TMOJIeTa U MAJKNA PA3MEPHOCTU 33 BCUYKU CTOWHOCTU HA
d. KbM Hacroamwsa MoMeHT TO4YHMTEe cTORHOCTH Ha n,(k,d) ca u3BecTHH 3a
q=2k<8,q=3k<5, gq=4,k<4uq=>5k<3. Kpbrbr or npobiaemu,
BL3HUKBAI OKOJO OCHOBHMATA 33aava Ha TEOPUS HA KOAUPAHETO, UMa SCHO
rM3pa3eH reoMeTrpudeH xapakrep. Hsroum or Tax (KaTo Tasw 3a MAKCHUMAJ-
HaTa nbikuHa Ha M JIP-kon) ca m3BecTHU B reoMeTpudHa GOPMYIUPOBEKA 6e3
BP'b3Ka C Teopusi Ha koaupanero. Paboru [8, 12, 14, 15, 18, 29, 30, 32, 34,
36, 41, 46| ca mocBeTenu Ha TO3U KPLI OT npobuaemu. Tohil KATO M3MOI3BAH-
UTe METOOU B TOPHUTE CTATUU CA T€OMETPUYHU, BCUYKU T€ MOraT ma ODbaar

'Q|Q‘

pasrieskIaHl KaTO YUCTO reoMerpuunu paboru. Hue ru BrIouBame B TO3U
pas3mes, TLl KaTo ca MOTUBUPAHM OT OCHOBHATA 3a1aYa HA TEOPUS Ha KOIU-
pPaHeTO W PemaBaT MO CBLIIECTBO MPOOJIeMU Ha MIyMO3AIIUTHOTO KOIUPAHE.
B ocemre cratum (8, 12, 14, 15, 18, 29, 30, 41] ca npuBenenu mokasa-
TEJICTBA 3a HECHIIeCTBYBaHE Ha HAKOU KomoBe Han mojaerata [z, [y, u .
MN36opbT HA mapaMmeTrpuTe, KOUTO CE aTaKyBaT, HE € caydaeH. Bcuuku Te



ca ce OKa3BaJM B HAKAKDLB MOMEHT BBHB (OKycCa HA M3CIEIBAHUATA IO OI-
tuMasHu konoBe. Taka mampumep, [143,5,94)3 u [147,5,97]3 Gaxa mocuaennure
nmapaMeTpy Ha XUIIOTETUYHU TPOUYHU KOJIOBE C PA3MEPHOCT 5, YUMETO CLINECT-
ByBaHe Oe mon BBIpoc. (CbImecTBYBAHETO MM HECHIIECTBYBAHETO HA TE3U
KOJOBE pelaBalle 3a1adyaTa 3a HaMUpaHe Ha TodHaTa croiHOCT Ha ng(h,d)
3a Bcuuku d. [lo momoOeH HAUMH M3SACHABAHETO HA BBHIPOCA 33 CHLIECTBY-
BaHETO Ha Komose ¢ mapamerpu [51,4,37|y, [56,4,41]4 u [104,4,77], pemasame
coLImaTa 3amava 3a Komose Ham Iy ¢ pa3MmepuocTt 4. B HAKAKDLB CMUCDHJI TOBA
Osaxa “Haii-TpymnHMTE” mapaMeTpu 3a CHOTBETHUTE PA3MEPHOCTH.

[TonxonnLT KbLM M3CIeABAHETO HA TE3UW MapaMeTpPU € TeOMeTPUYeH. 3aa-
JaTa 3a ChIIECTBYBaHE HA KOJOBE ce IpedopMyIrpa KaTo 3a0a9a 3a ChIeCT-
ByBaHe Ha MYJITUMHOKECTBO OT TOUKU B HIKAKBA MPOEKTUBHA reoMerpus. V3-
[IOJI3BAfiKM T€OMETPUYHU TEXHWKM U ONUPARKN ce Ha M3BECTHU CTPYKTYPHU
pe3yaTaTu 3a apKU B MO-MAJKATE Pa3sMEPHOCTHU, Ce MOKA3BAT Pe3yJTaTU 33
HECDIIECTBYBAHE.

Taka Hanpumep B [8] € OTXBLPJIEHA BBL3MOKHOCTTA 32 CLIECTBYBaHe HA
[51,4,37];-kon. B [12] u [14] e moka3aHO HeCHIECTBYBAHETO HA KONOBE 34
OPYTU OCeM TPOWKM OT mapamMerpu. 1e3m aBe CTaTUM pelmaBaT HaIl'LJHO
OCHOBHATA& 3aJa4a Ha TEOPHUs Ha KOAUPAHETO 3a KOIOBE C pa3MepHOCT k = 4
Ha O IIOoJIe C YEeTUPpU €JIEMEHTAa.

B [15] e moka3zaHO HeECDHIIECTBYBAHETO HA TPOUYHU JUHEHHU KOIOBE C
napamerpu [143,5,94] u [147,5,97]. C ToBa Tounara croiinoct Ha nz(5,d) Geme
ompenesiera 3a d = 94,95,96,97,98 u 99. To3m pesynarar mame OKOHUATEIHO
pelenre Ha OCHOBHATA 3aJada Ha TeOPUs Ha KOAUMPAHETO 3a TPOUYHU KOIOBE
¢ pa3mepHoct k = 5.

Texuukure or ropaure yerupu paboru ca mopassurtu B [29, 30] u [41].
Maxkap ¢pokycHT HA paboTuTe na € BbLPXY KOJOBE HAJ IOJETa C YEeTUPU U IET
eJIeMeHTa, U3MOJI3BAHUTE TEXHUKU MO3BOJIABAT (OPMYIUPaHE HA PE3yITaTUATE
Ha I IPOM3BOJIHU Kpaluu moJsiera. Taka HampuMmep eauH OT TJIABHUTE Pe3yJi-
ratu B [30] e, ue ['puiicMepoBu KONOBE CLINECTBYBAT HAJ BCUYKU KpalHU
HoJIeTa 3a BCUYKM Pa3MePHOCTU k IpU cToifHOCTH Ha d 3amaneHu upe3 ¢F ! —
2 —q+1<d< gt —¢"2 To-mararnk n,(k,d) = g,(k,d) + 1 3a ¢" 71 —
" 2= (s+1)g<d<¢"'—¢"2—sq, xpmero 1 < s < /g—1, upu g >4, k =4,
nunl<s<qg—1npuq>3,q>>5 Pasyararure B Te3m paboTu ca HOKa3aHU
YACTUYHO C M3IOJ3BAHETO HA MUHUXUIEPU, T€OMETPUYECH OOEKT BLOBEIEH OT
Xamama, KOATo e 00600menre Ha OJIOKUpAIUTE MHOKECTBA U KONTO € 0cODeHO
yIO00OeH mpU u3CcjaeaBaHe Ha KOIJOBE.

B [32] ce mokasBa o6GoOmenue Ha emHa Teopema Ha Xua u Jluzak 3a
pa3mupsBaHe Ha JUHEHHNM KOZOBE, KOATO ce (popMmyampa Taka: AKO enuH



[n,k,d|,, ¢ =p°, p IpOCTO YMCIO, HE NOLyCKa paslUpEHuE, TO OPOAT Ha Iy-
vure ¢ terao i Z 0,d (mod q) mamaxswpasa ¢*~2 - r(q), kbaeto q +r(q) + 1 e
MUHUMAJHATA MOUHOCT HA HETPUBUAJIHO OJIOKMpamo MHOkecTBO B PG(2,q).
Iloka3aTeJCcTBOTO HA TO3UM PE3yJTaT € YKWCTO NeOMETPUYHO W Ce OmMpa Ha
€IHO CBOMCTBO Ha apkara, oOpa3yBaHa OT HEMAKCUMAJHUATE PABHUHU B Iy-
AJHOTO NMPOEKTUBHO MPOCTPAHCTBO. To03m pesynrar e yno0eH MHCTPYMEHT
3a MOKa3BaHe Ha HECLINeCTByBaHeTO Ha [ puiicMepoBu Komose. B crarusara
ca IPUBENEHN HAKOJKO TAKUBA MOKA3aTEJCTBA 34 HECLIIECTBYBAaHE Ha KOIOBE
HAJ[ TIOJI€ C YEeTUPU EJIEMEHTA.

O6ma Teopust Ha Pa3MUPUMOCTTA HA JUHENHU KOJOBE HAI KPaWHU MOJIeTa
(1 eKBUBAJIEHTHO Ha apKy B KpaiiHu reomerpun) e passura B [50]. lo 1031
MOMEHT CDLINECTBYBaxa OTAEJHU Pe3yJTaTyu KaTo JjgeMmara Ha Xwuiua-Jluzak u
HAKOJKO Teopemu Ha MapyTa, KOUTO IpY HAJUUMETO HA ONPENEIEHN YCIOBUI
3a CIeKTLpa Ha KoJa (apkara) rapantupat pasmupumoct. B [50] BoBexkname
T.HAp. apku (CBLOTB. KomOBe) ¢ kBasmmeanmoctT. C Beaka TakaBa apka K
CBLp3BaMe CIeUalia apka K B IyaJHATa [eOMETPUS, KOATO Ce OKA3B apKa
CbC CBPBLXAEIMMOCT: KPATHOCTUTE HA BCUYKUA ITOANPOCTPAHCTBA C Pa3Mep-
HOCT TOHEe 1 ca CpaBHUMU C KOHCTAHTa IO MOIYJ pena Ha mosero. Apra K
(1 aconnmpanus ¢ HesA KOM) € pa3lUpUMa TOYHO KOTATO CBLIIECTBYBA XUIEp-
PaBHMHA OTHOCHO K 6e3 Touxu c kpaTtHOCT 0.

B cratus [51] e nokaszano ¢ reomerpuynn Meroau (passutu B [50]) HECH-
MEeCTBYBAHETO Ha JUHEWHU komoBe ¢ mapamerpu [104,4,82] uanx GF(5). Tosa
0e eIrH OT YeTUPUTE OTKPUTU CJIydasa Ha KOAOBE C PA3MEPHOCT 4 Ha.l MOJIETO
¢ et esemenTa. CLBCEM HACKOPO, U3MOJI3BAMKMA CLIMUTE METOIM, HU CE yIAIE
a pelyM OIle €aWH OT OTKPUTHUTE CJIydau: IOKa3aXMe HEeCDHIECTBYBAHETO
Ha [204,4,162]5-komoBe. To3u pesynrar Bce ole He e HeyOJINKYBaH.

PaGorure [34, 36, 46] ca mocBerenn Ha MuHUXUIEepuU. VI3BecTHUTE KOH-
crpykuuu Ha Benos-Jloraues-CanauMupoB UMAT €CTECTBEHO ONUCAHUE B TEP-
MuHAUTE Ha MuHAXxunepu. OT riemHa TOYKa HA TEOPUA HA KOAUPAHETO MHOTO
Ba)KEH Ce OKa3Ba BBLIPOCA 3a ONMCAHWE HA MapaMeTpUTe Ha MUHUXUIEPU,
KOUTO Ce€ MPEACTABAT KATO CyMa Ha IMOANPOCTpaHcTBa. Ta3m 3amada mMa
YIOBJIETBOPUTEJHO PEIICHUE CAMO B JBOUYHUA CJIydaid.

[Ipesz 1985 r. Xamazma ycma na XapakKTepu3upa TPOEKTUBHUTE MUHU-
xunepu (IOIMyCTUMUTE KPATHOCTU Ha Touka ca 0 u 1) ¢ mapamerpu

h h
(Z Uxi+15 Z U/\i)
=1 =1

B PG(k—1,q), 3a kouto k—1> Ay > ... > )\, > 0 karo obenunenue uva h mos-
IPOCTPAHCTBA C PA3MEPHOCT C'LOTBETHO A1, ..., \q. LTyk v = (¢*—1)/(¢—1). B
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[34] e moka3zana HeNIpPOEKTUBHATA BEPCUSI HA TO3U PE3YJITAT:BCEKU MUHUXUIED
¢ ropaute napamerpu B PG(k—1,¢), 3a KOUTO ca M3N'LIECHEHN HEPABEHCTBATA
k—1> X > ... >\, > 0 ce npeacrass KaTo CyMa HA HOANPOCTPAHCTBA C
pa3MepHOCTA Aq,...,\,. Pa3bupa ce, DOmycTuMO € pasMepHOCTUTE \; [1a ca
TaKUBa, Y€ MOANPOCTPAHCTBATA H& C€ MPECUYAar.

Pabora [36] e nponbirkeHre Ha enHa CTATUA Ha XUJI U YOPX U CE€ OTHACSH
caMo 10 paBHUHHU MuHUXunepu. ToBa ca MyaTuMmHO:KECTBA OT Z(g+ 1) TOUKM
B PG(2,¢), npecuuamu Bcska mpaBa B MOHe T TOYKU. Paszbupa ce cyma Ha
NPOM3BOJIHO M30paHu I NMpaBU € MUHUXUIED C TaKUBa IIapaMeTpu, HO TOBA
He M3YeplBa BCUUKUA BL3MOKHOCTU. B crartusita mokassame, ye makap (z(q+
1), z)-MUHUXUOED Ia HE € HeIPEMEHHO IeJOYMCIeHa CyMa OT IPAaBU, TO TOR e
BUHATY TOJIOKATENHA PANMOHAIHA CyMa OT MpaBu. llpencTaBeHn ca HAKOIKO
HOBU KOHCTPYKIuUU Ha Muanxurnepu. OcobeHo MHTepeCHa € KOHCTPYKIUATA Ha
IBYTErJIOBEH MUHUXUIED 3a T = 3¢/4, kKakTo u T.HAp. switching construction.
Ilokazano e, Je 3a roJieMu CTOMHOCTU HA I HE CDLIIECTBYBAT HEPA3JIOKUMU
MUHUXUTICPH.

B cratusa [46] ca uscaenBany MUHUXUIEPU C apaMerpu (rvy, Tv;_1) B re-
omerpunte PG(t,¢). Ta3u MUHUXUIEPU Ca XAPAKTEPU3UPAHU KATO HEOTPU-
[ATEJHA PAIUOHAJHNA CYMHU KaTO C TOBa Ca MOAOOPEHM 10 PAHHU PEe3yJTaTh
or [36]. YcraHoBeHU ce HAKOM IBLIOOKK BPDB3KU C TEOPUs HA KOAWPAHETO,
KOETO II03BOJIABA MOCTPOABAHETO HA HOBU KJACOBE OT MUHUXUIIEPU, KOUTO HE
Morar na 0baaT HOJydYeHU KaTo IEeJOYMCICeHa CyMa Ha XUIEPPABHUHMA.

1.4 TwoxmecrBa Ha MakY nnsivc [13, 23]

Knacuueckure ThixnectBa Ha MakyY unsamc ca nokaszanu npe3 1963 r. u naBat
BP'bL3Ka MEKIY CIEKTLPAa Ha JIMHEEH KO U CIIEKThLPa Ha HEerOBUS OPTOTrOHAJEH
kon. OT moABsSIBAHETO MM W OO OHEC Te ca ODEeKT Ha yCWJBaHE, YTOUHs-
BaHe u oboOmasane. PaGoru [13] u [23] ca mocBereHM Ha ThLkIECTBATA HA
MagYunsamc. Crarusara [13] ¢cbabpska HOBO KOMOUMHATOPHO HOKA3ATEJICTBO
Ha emHO 0DOOOmeHme Ha Th:kAecTBaTa Ha MakYunamc. EIMHCTBEHOTO KOM-
OMHATOPHO MHOKA3aTEJCTBO KbLM MOMEHTA Ha HANUCBAHE HA CTATUATA € TOBA
Ha Bpyanmu u [lnec, koeto ce oTHACS 3a KIIacHYECKATA BEPCUSA HA THiKIECT-
BaTa, T.€. 3a CIHEKTDLD Ha JUHEEH KOJI HaJ IOoJie 10 OTHOIIEHWE Ha Terjo Ha
Xemunr. Harmero mokasarTescTBO ce OTHACSA N0 CIEKThLPA Ha JUHEEH KO IO
OTHOIIIEHNE HA MPOU3BOJHO PEryJaspHO pa3buBaHe U MPOU3BOJIHO CKAJIAPHO
IpOm3BEIeHNE B OCHOBHOTO IPOCTPAHCTBO. Makap ToBa HOKa3aTEJICTBO Oa
€ HAIIPABEHO 3a JIMHEWHW KOJOBE HAI KpaiHO moje, TO ce obobmaBa u 3a
JUHEWHN KOIOBE HA KPAWHU BEPWKHU TPLCTEHU. KOMOMHATOPHOTO JOKa3a-
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TEJICTBO 3a KOJOBE HAJ BEPIKHU MPLCTEHW CE€ ChbAbLP:KA B JOKTOPCKATA MU
aucepTanusa U He € IMyOJUKYBaH B yKypPHAJHA CTATU.

PabGorara [23] cbabpska MOKA3aTENCTBO HA ThikaecTBaTa Ha Maky nismc
3a JIMHEWHU KomoBe Hal PpobOeHmyCcoBU MPLCTEHU W CHEKTPU MO OTHOIIEHUE
Ha T.Hap. VW-nomyctumu pa3buBanusa. ToBa e Moske OU HAN-IMIMPOKOTO B'b3-
MO:KHO 0DO0OIeHre Ha ThikAecTBaTa HAa MakyY masMmc, U3BECTHO KbLM HACTOS-
ST MOMEHT.

1.5 Ilpyru paboru no Teopus Ha Koaupaueto [6, 27, 50, 59, 61]

PaBora [27] e ma rpaHunara MexkIy TeOpus Ha KOAWPAHETO U KpaWHUTEe
reoMeTpun. B Hes ca ca mageHM NeOMETPUYHM INOKA3ATEJNCTBA 3a HAKOU
KJIACUYECKN PEe3yJITATU OT TeOpUs Ha KOAWPAHETO. ['€OMeTpUYHUAT MOAXOI
MTO3BOJISIBA 3HAUUTEIHO YCUIBAHE HA HAKOU OT TaX. [IbpBusaTr pesymnrar e teo-
pemara Ha Xwua u Jluzak 3a pa3mupsBaHe Ha JIMHEEH KOI. 1a3m TeopeMma m3-
HEHAIBAIIO Ce OKa3Ba €KBUBAJEHTHA Ha NOOpe M3BeCTHUA (PaKT OT KpanHuTe
reomerpun (cpB. Teopemure Ha Boys3-Buprou u Dolitencnaxep-Xaiim), a
MMEHHO 4Ye OJIOKMPAIIO MHOKECTBO UMATO MOIIHOCT € OJIM3Ka O MOIIHOCTTA
Ha XUIEePPAaBHUHA CbAbLPKA XUMEPPaBHUHA. 10Ba MO3BOJABA OTCIA0OBaHE HA
HAKOU YCJIOBUA B TeopeMaTta Ha Xui-JIuzak. V3moskeHnara Tyk naes mo-KbCHO
Oe mopasBuTa oT MapyTa B mopeauna OT CTaTuu. BTopuaT pe3ysrar e Teo-
pemara Ha /lonyHeKOB 3a paHra Ha CUCTeMaTa OT AYMHU C “MaJjJKO’ TEerjo B
nuHeeH Kon. Tperuar pe3ynrar e reopemMara Ha YOPI 38 OEJIUMOCT Ha KOJOBE
HaJ OPOCTU TOJIeTa, JieKamu Ha rpanunara xHa ['puiicmep. WM3moskeHoro B
paboTara HOKA3aTEJICTBO € Pa3JMYHO OT TOBa HA YOPI U M3IOJ3Ba T.HAP.
moJIMHOMUAJIEH MeTon. [IpenuMcTBO Ha TOBA MOKA3ATEJICTBO €, Ye MO3BOJABA
YCTAHOBSIBAHE HA CBOMCTBOTO MEJIMMOCT W 3a HIKOU HEIPUMNCMEPOBU KOIOBE,
IpY HAJWYMETO HAKOU NONBLJIHUTEJHM yCJIOBUSA. KbM TO3M pasmen mMoxke na
6bae orHecena u crarusara [50], KOATO ommcaxme mO-rope.

B kpas ma 70-te romunu Oe mokazaHo, dye obmaTa 3amada 3a IEKOIUPAHe
Ha suHelHu 6s0k0BU KOox € N P-tpynua. Ot rienHa TOUYKa HA TPUIIOKEHUATA
ce TIPEeAImOYnTAT KOIOBE, 32 KOUTO CLINECTBYBa ODLP3 AJrOPUTDHLM 338 HEKOIU-
paHe, mpen KOJOBe, YMUTO TapaMeTpu ca onTuMaHu. Ta3m unes e 3aj1ersaina
B kouuenmusaTa 3a LDPC-komose (low density parity check codes), orkpura ot
lamarsp npe3 1963 r. u nporkpura or MakKuit npes 1985. B patGorara [6]
ca BDLBEIEHU MOBA TAKMWBa KJaca JUHEWHW KOMIOBE, 3aa€HU Ype3 MPOBEPO-
JyHATA UM MaTpuna. a3 MaTpuia € pa3peneHa U ce MoJydyaBa OT CTPYK-
TYPU HA WHIMACHTHOCT, TeOUHUPAHU HAI KpaiHU aQUHHA IPOCTPAHCTBA. 3a
nedUHUPAHUTE KJIaCOBE Ca MPEACTBEHU AJTOPUTMU 3a AEKOAVWPAaHEe, KOUTO Ca
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C'LC CJOYKHOCT IO OTHOIIEHME Ha IL/IKMHATA Ha KOIA.

B cratua [59] ca wm3cimemBaHM KOZOBE OT MOMIPOCTPAHCTBA C MOCTOLI-
aHHa Pa3MEepPHOCT Ha CEUYEeHMEeTO Ha KomoBuTe aymu. HampaBena e oIleHKa
3a MaKCHMAaJHATA Pa3MEpPHOCT Ha MPOCTPAHCTBOTO, MOPOIEHO OT TAaKDLB KO/,
KOi9TO € paziamueH oT “cabHUorien’ (HOAIPOCTPAHCTBATA B KOLA HE CE IIpe-
crYaT KAHOHWUHO). HAaMePEeH e IIMPOK WHTEPBA;JI0T PA3MEPHOCTU 3a IIPOC-
TPAHCTBOTO, MOPOJEHO OT AYMHUTE B KOZA. HAIPaBEHO € MOoJoOpeHre Ha
pesyarar Ha E. ['opna m A. PaBausau 3a Oposi Ha IEHTPOBETE B KOI OT
MOANPOCTPAHCTBA C MOCTOSHHA Pa3MEPHOCT HA CEUYEHUETO.

Crarus [61] e mocBereHa Ha M3CIEIBAHETO aH HEJIVHEHHN IBOMYHU KOIOBE
C IBe BBb3MOKHU PA3CTOSHUSA MEXIY KogoBure nymu. [lo-cmenmanuo porkycbHT
e BBLPXY 3aJavyaTa 3a HaMUpaHe Ha MaKCUMaJHATa MOIIHOCT HA IBOUYEH
KON C OL/KMHA n U pascroauus di < dp. Ta3zm MOIHOCT ce o3Ha4vaBa C
As(n,{dy,ds}). Horazano e, ue aro dy > 2d;, TO

AQ(’I’L, {dl, dg}) S n + 1
[MomoGHa rpanuna e B cuia u 3a Kouose ¢ di Z dy (mod 2).

n+1 3a d; yeTHO
< 9
As(n,{dy,dz}) < { n+2 3a dy HEYETHO.

Pemena e n 3amauvara 3a HamMupase Ha TodHaTa croiHOCT Ha As(n,{2,d}),
KOSITO Ce OKa3a paBHAa Ha

(5)+1 3ad=rn>6;

As(n,{2,d}) < ¢ n sad<d<n-—l1,
n+1 3a.d=mn—1.

Ilorazana e u obmara rpaHuna

sl () = ("77),

0e3 orpanuvenus BLPxy d; u dy. Hackopo ta3zm obma rpanuma 6e monobpena
or Bapr u ap. mo

AWH%@ng)H.
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2 Pabotu mo kpaiiiu reoMeTpun

PaBorure B Tasu rpyma ca MOTHUBUPAHU OT T€OMETPUYHU 3a0a4y Makap U
[a “UMaT OTHOIIEHUS KDLM W3CJEIBAHUATA MO TEOPUsS Ha JUHEWHUTE KOIJOBE.
B paborure ce pasriexmar KaKTO MHOMKECTBA TO TOYKU B KJIACUYECKUTE Te-
omerpuu PG(n,q), Taka 1 B IPOEKTUBHUTE F€OMETPUN HA Wemvcies PHG(R").
Makap BBLBeOEeHU B HAYAJOTO Ha XX BEK, IOCJEIHUTE MIpPeNCTaBJsgBaxa HdO-
CKOPO MHTEPEC CaMO 3a reoMeTpusaTa. Hamure mM3cienBaHUs MTOKAa3BaT, 4e
Te3U TeOMEeTPUr ca yAo0eH e3UK 3a MOoJyJyaBaHe Ha Pe3yJITaTyé OT TeOPUs Ha
KOIVPAHETO.

2.1 Apxku B kpaiiuu reomerpuu [24, 25, 31, 37, 40, 55, 56, 57,
60]

B cratuum [24, 25, 31, 37, 40] e uscimensana 3amadara 3a HaMUpaHEe HA MakK-
crMajHATa MOIMHOCT M, (2, R) Ha (k,n)-apka B IpOEKTWBHATA DaBHUHA HA
Vemunces PHG(R?). Cwumara 3amaua, moctaseHa 3a pasaumauTe PG(2,q),
€ emHa OT Hal-IOmyJApHATE 3amauu B KpalHuTe reomerpuu. TodHO pe-
IMeHre CDLINEeCTBYBaA 3a PaBHUHUTE OT pen HeHaAxBbLpJam 11. Kom 2000 r.
CBLIIECTBYBaXa CaMO OTKDLCJIEUHU PE3YyJITATH 3a apKU B MPOCKTUBHU PABHUHU
Ha Memmces.

Ocuosrute pesyartaru 3a apku B PHG(R?), k1nnero R e BepuskeH npLCTeH
C MHOEKC Ha HWINOTEHTHOCT 2, ce cbabpskar B [24] u [25]. Tlopammu mo-
CIIOKHATA CTPYKTypa HA IPOCKTUBHUTE DABHUHU Ha VIEIMCIEB € TpyIHO
OpU Jla ce majne TOpHa rpaHuna 3a Opos Ha Toukure B (k,n)-apra. B [24] e
MOKAa3aHO, 4e

m,(2, R) < max min{u(¢®+ ¢+ 1),

N P(n— 1)+ q(n —u) + u,q(q + 1)(n — [ufg]) +ul,

Ocobeno uHTEpecHa TPaHUIa € MoJydeHa npu n = 2; Tyk mo(2, R) < ¢*+q+1
3a yeTHO q U My (2, R) < ¢° 3a HeueTHo ¢. Ilpu TOBa BCEKM KJac Ha CHLCEACTBO
CLOLpKA HE IOoBede OT €IHA TOUYKA, KATO 3a ¢ YeTHO NPA3HUTE KJIACOBE Ca
KOJIMHEeapHU BLB (hakTop-paBHmHaTa. OKasBa ce, 4e Hal HAKOU NPLCTEHU
Ta3y rpaHulla ce NOCTUTa, a Hal APYTU — HeE.

Bue [24] Ge pemena 3amavara 3a HaMHPaHe HA MOIMHOCTTA HA MAKCHU-
masraaTa (k,n)-apka npu cToitHocTu Ha n G6ausku 1o ¢° + q. Ilokazano Ge
ge mpeyo(2,R) = ¢* + ¢*s + ¢s 3a Beako s = 0,...,q¢ — 1. Ilokasan Gsxa
FOPHU TPAHUIM 38 HAKOW CIENUAJHU NapaMeTpy U 0axa NaJeHd ToJAaM Opoi
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KOHCTPYKIIUM, KOETO MTOBEIE M0 Ch3IAaBEHE Ha TabIUIM C MOIMHOCTUTE HAa
Hali-no6pure usBectu (k,n)-apku B paBHuHUTE Hal npbcererute ¢ 4,9,16 u
25 enementa. Ilpe3 crnemBamure roawHu Te3m Tabiauiu OsXxa MHOTOKPATHO
nmonoOpsaBanu. B mMoMenTa TEe ce mOAALPIKAT OT IPyHATa MO M3YUCIUTETHA
MaTeMaTUKa Ha Y HuUBepcuTeTa B LailpouT.

B [31] e mokazano, ue (¢24q+1,2)-apku B paBHuHM Ha VeaMcies Hax Bep-
KHU IPBCTeHN R ¢ MHOEKC Ha HUJIMOTEHTHOCT 2 CBIIECTBYBAT TOTABa U CaMO
toraBa, korato char R = 4. KoHcTpykumara m3moj3Ba TOYKUTE, CBLP3AHU C
TaiixMromepoBaTa rpymna OT €IVHUNN Ha HAKAKBO pa3mIUpPEHNE HA OCHOBHUA
npbereH. /oka3aTelCcTBOTO M3MOJ3BA M30MOP(U3IMa MEXKILYy NPBLCTEHUTE HA
lNanoa m npbcTenuTe Ha T.HApP BekTOpu Ha But, BbLBenenu ot E. But nmpe3s
1937 r. Hue mapuyamMe KOHCTPYUPAHUTE apKU XUIEPOBAJIU, ThU KATO, TOYHO
KaKTO B KJIACUYECKUS CJIIydall HA XWUIEePOBAJU, T€ HAMAT JONUPATEJHMU.

B [37] ca npeacraBenn KOHCTPYKIUU U JOKA3ATEICTBA 38 HECHIIECTBYBAHE
Ha apKU C HAKOU CIEIVAJIHU IMapaMeTpPU, KOUTO MO3BOJIABAT yCTAHOBABAHETO
Ha TOYHATA CTOMHOCT Ha M,(2, R) B cilemHuTe Ciydau:

m5(2,Z9) = 39,7715(2, Sg) = 38,m8(2, Zg) = m8(2,83) = 69,

kbaero Sz = F3[X]/(X?).

B [40] e mpencraBena nyasHa KOHCTPYKIUS 38 MYJITUAPKA B DABHUHU HA
Memviices, aHagormysa Ha KOHCTpyKuuaTa Ha Dpayep-sar Ofimen. Kou-
CTPYKIUATA 3aBUCU OT MOAXOMAMO m3OpaHa (yHKIUA 7. AKO T e JuHelHa
(GYHKIUA, TO € BL3MOKHO na 0bIAT IpecMeTHATH INapaMeTpUTe Ha T.HAp T-
nyanna myaruapra. C ayajgHaTa KOHCTPYKIUA MOJydYaBaMe apKU B IyaJIHATA
paBHUHA (KOSITO B CJIyYawWTe HA BEPW/KHU IPLCTEHU HE CLBIAAA HEPEMEHHO
¢ usxomHara). B ciyudail HA KOMYTATWBHU IPLCTEHN TAKUBA TPYAHOCTU HE
BBL3HUKBAT. Pasriienanm ca HAKOU IPUMEPU, HAW-MHTEPECHUAT OT KOUTO Ca
apKUTe, TMOJYYEeHW KaTO IyaJlHM Ha XulepoBajure. Te mMMaT mapaMerpu
((¢* — q)/2,¢*/2), nBe uucna na npecuuane 0 u ¢°/2 U ca ONTUMAIHU.

PaGora [26] e mocBerena Ha apku B kjgacuyeckure Jle3aprosu paBHUHU
PG(2,q). Tam ce pasraexnat apku ¢ napametpu (¢° +q+2,q+2). 3anauara
3a KJIacU(UIMPaHe Ha apKU C TAaKMBa IapaMeTPU € BayKHa 38 TEOPUs Ha KO-
parero. Te ca exBuBaJeHTHU Ha [¢°+q+2, 3, q2]q—KO,IIOBe, KOUTO YECTO Ce MOs-
BABAT KATO OCTATDLYHU IIPU PellaBaHe HA OCHOBHATA 3aJaYa HA KOAUPAHETO.
B [26] ca npencTBeHN HAKOJIKO KOHCTPYKIMM Ha TakuBa apku. [lokazaHo e, ue
Te3U KOHCTPYKIUU NaBAT BCUYKU APKU B PABHUHUTE OT PEI, HEHAIXBDPJIAIL
7. 3a paBHuHU OT pen 8 m 9 mwhiaHa KIacupuranus Oe HANpaBEHA IPEIn
HAKOJIKO TOAWHU OT XWJ U YOpA. 3a Ch:KaJeHrue, KbM HACTOAMMUI MOMEHT
nLaHaTa Kaacuduranua #Ha (¢° + ¢+ 2, ¢+ 2)-apku 3a PABHUHU OT IIPOU3BOJICH
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pel M3rJIeKIa HEeBL3MOKHO. 3a PABHUHMM OT YETECH pel Ta3u 3a0ada W3-
rJIeKIa TACHO CBbP3aHa C KIACUPUKANUATA HA MaKCUMAJIHUTE apKU, KOETO
CBIIO € KIACUYECKU OTKPUT IPOOJeM B KpallHUTE T€OMETPUM.

Hamepena e ropHa rpanuna 3a 6pos Ha ABoiHUTE TOUkU B (¢°+q+2, ¢+2)-
apKka M € MIOKa3aHO, Ye CDLIIECTBYBAT apKd C TaKbB OPOU ABOWHU TOYKU.
Ilokazano e, 4ye ako OpOAT Ha MBOWHUTE TOUKU HAAXBBLPJA pela HA pab-
HUHATa, TO apKaTa MPUTEKABA CBOWCTBOTO MEJIMMOCT: KPATOCTTA HA BCSKA
mpaBa € CpaBHUMA C 2 [0 MOAYJI HIKAKBA CTEIeH Ha XapaKTepPUCTUKATA Ha OC-
HOBHOTO ToJie. JlOKa3aTeJCcTBOTO Ce OmMpa Ha T.HAD. MOJUHOMUAJIEH METOI.
OcuoBHaTa My uaes Moke na 0b e U3M0JI3BaHa 38 HOKA3BAHE HA KAJCUYECKUS
pesyarar Ha YOpI 3a HeJMMOCT Ha IPUMCMEPOBU KOIOBE HA MIPOCTH MOJIETA.
Tosa e HampaseHo B [27].

B paborara [55| ca uzcaemsanu apku B PG(r,q), 3a kouTo umciara Ha
npecudase ce CLALPKAT B OTHOCUTEIHO TECEH MHTePma [w,w + «|, KbaeTo
a < charF,. B ciyuas o =0 e uzBecrao (A. Borucomnn), ue ToBa ca aprure,
IPU KOUTO BCUYKKA TOYKM B IPOCTPAHCTBOTO Ca C €IHA U CDLINAa KPATHOICT.
3a cayvaute o = 1 m 2 HuMe mOKa3BaMe, de Te3W aApKU Ce IOJydyaBaT OT
KOHCTAHTHO-TETJIOBHUATE apKU upe3 nobaBsaHe /u3TpuBaHe Ha €IHA UK IABE TO-
uku. [Ipu o = 2 TO3U pe3ynarar e B cuiia 38 TEOMETPUUTE C PA3MEPHOCT TIOHE
3. B paBauHaTa ca M3B€PCTHU MHOTO IPUMEPHU HA APKU C YKCJA HA MPECUYaHe
w,w + 1,w + 2, HAN-U3BECTHU OT KOUTO Ca OBAJINUTE U XUIEPOBAJUTE, €PMU-
TuBUTE KpuBHU, GepoBara noapasuuHa B PG(2,4), (15,3)-apkara B PG(2,7),
CBbLp3aHa C JAe3aproBaTa KOHOUIYpPALUS U IP.

B [56]e m3cnenBano moBenmenuero Ha (yHkmuaTa t,(k), gepuHEpaHA KaTO
MaKCUMAaJIHOTO OTKJOHEHWE OT TpaHumaTa Ha | puficMbLp HA ONTUMAaJHATA
ILIGKAHA HA JIMHEEH KOJ C (UKCUpaHa pamMepHOCT k;

1o(k) = max(ng(k, ) — gy(F, ).

Tyx g4(k,d) e uspa3nr B rpammnara Ha I'puiicMbp, a n,(k,d) e onrmmau-
HATA NLIGKMHA HA JIMHEEH KO C Pa3MEePHOCT k M MUHUMAJHO Pa3CTOSHUE
d. Ilorazama e obmara omenra t,(k) =)(¢"?), kKakTo W HAKONKO cHenMATHE
pesynraru 3a k = 3. Haifi-cunausar or tax e t,(3) = O(logq) 3a ¢ uerHoO,
KOETO JOKa3Ba eIHA XUIoTe3a Ha DBoJ 3a yacTHUs cIydail Ha HOJeTa C YeTHA
XapaKTePUCTUKA.

B [57] e m3ciensana ocHOBHaTa 3a4ada Ha TEOPUs HA KOAWPAHETO 3a
komose Hanx F, ¢ pasmepHocT 5. 3anmavara e pasriejaHa B eOMETPUY-
HAaTa ¥ (OPMYJIMPOBKA KATO 3alava 3a CLIIECTBYBAHE HA APKU C ONpeIeIeHN
napamMerpu B reomerpusara PG(4,4). Iloka3aHo e HECBIECTBYBAHETO HA APKU
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C mapaMmeTpu

(395, 100), (396, 100), (448, 113), (449, 113),

KO€TO BOAM OO0 HECHHIIECTBYBAHETO Ha KOAOBE C IIapaMeTpu
395, 5, 2954, [396, 5, 296]4, [448, 5, 335]4, [449, 5, 336],.

Tosa nmonobpsBa Tabaunara Ha Mapyrta B yetupu nyakTa. CLIIECTBEH CTPAHUYEH
pesyrarar e xapakrepuzanusara Ha (100, 26)- u (113, 29)-aprute B PG(3,4), KObBI-
aToO € HaIrpaBeHa 0e3 MOMOIITTAa HAa KOMIIOTDLP.

B [60] e ce pasriesxmar apku B HPOEKTUBHU D€OMETPUU HA Wemicaes
IO OTHOIICHME Ha XOMOI'€HHaTa METPHKa, BbBeIOEHa OT Xaﬁ3e n HOHCT&HTI/I—
HecKy. '1e3u apku ce acormumpaTr C JUHEWHO TpPEeICTaBUMHU KOJABE HA BeEp-
WKHA TPLCTEHU. XOMOTEHHATA METPUKA CE€ CUUTA 3a MO-€CTECTBEHA, KOTaTO
apKUTE Ce Pa3ryIekIaT B KOHTEKCTA HA TeOpus Ha KomupaHeTo. B paborara
ca HAMPEHU BPDL3KU MEKIY NapaMeTPpUTe Ha JUHENHU KOIOBE W TE€3U Ha XO-
MOTEeHHUTe apku. HampaBeHa e OIleHKa Ha MaKCHUMAJHOTO XOMOTEHHO TerJio
W B xomorenna (N, W)-apra. Xapakrepusupanu ca KOHCTAHTHO-TETJIOBHUTE
XOMOTEHHM apKu KaTO CyMa Ha JHWHEWHU KJacoBe OoT Touku. Ilpencrasena
e OyaJiHa KOHCTPYKIMS 3a XOUeHHUW apKW, KaTO € MJOKA3aHO, 4Ye IyaiHATAa
Ha OBYTEIJIOBHAa XOMOI'€HHaA apPKa € OTHOBO IAIBYTEI'JIOBHa XOMOI'€CHHA apKa.
XapaKTepH3HpaHH Ca HOBU KaJICOBE€ ABYTETJIOBHM XOMOTI'€HHU apPKMU, HAKOU OT
KOWUTO BOJAT N0 CUJHO PEryIApHU rpadu.

2.2 IMlanku B kpaitau reomerpuu [22, 28, 38]

[[Tanka HApwYame MHOXKECTBO OT TOYKM B KpaiHa reoMerpus (OGMKHOBEHO
ce MCKa TsA Ia € C Pa3MepHOCT IOHEe 3), HUKOU TPU OT KOUTO HE JIEKAT HAa
enna npaBa. llenTpaana 3amada e onpeneasTHETO Ha MAKCUMAJHATA MOITHOCT
ma(n,q) na manka B PG(n,q). Ta3u 3amaua e TpuBuasiHa 3a ¢ = 2, KbIETO
MaKCUMaJIHATa MOIIHOCT e 2. 3amadara € peleHa 3a n = 3 3a BCUYKU II0-
nera F,, ¢ > 3. Tyk MakcuMmanHaTa MOIIHOCT € ¢° + 1; TA ce mocTura OT
eJIUNTUYHUTE KBAIAPUKMA W T.HAp. oBouau Ha Twurc. WM3BLH Te3u cTolHOCTU
Ca M3BECTHU DeNIeHUs 3a HAKOJIKO CHopaiudHu nsoviku (n,q): B PG(4,3) u
AG(4,3) makcumasanara momuoct e 20 u ce moctura 3a mankurte Ha I[lese-
rpuno; B PG(5,3) makcumymMbT € 56 m ce mocTura 3a ImamkaTa Ha XM, B
PG(4,4) u AG(4,4) makcnmangauTe MOmHOCTA ca cborBeTHO 41 m 40 kaTo
KOHCTPYKIUATA € meso Ha TasumHu, a ropHaTa rpaHua € JokaszaHa orT bup-
opayep u Eneu.

3a ma Mo:ke ma O0Le aTakyBaHa 3aaadara 3a HaMUpaHe Ha MaKCUMaJHATa
momHOoCcT Ha manka B PG(6,3) e HeoOXommMoO ma ce 3HASAT BCUYKU II'LJIHU
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OIallky B IIO-OOJIHATa Pa3MEPHOCT. Haﬁ—FOJ’IHMaTa 3BECTHA II'bJIHA IIIAallKa B
PG(5,3), paszanuna ot mankara Ha Xua (kM 1999 r.) 6e ¢ mommuoct 43. B
[22] e koHCTpyupaHa mLAHA MANKAa ¢ MOMHOCT 48 U e IOKa3aHO, Je BCAKA
mamka ¢ moHe 53 TOUKM ce pa3mupsaBa M0 Imamnkara Ha Xwua. llo-Hararbk
e mokasaHa ropuara rpanuna ms(6,3) < 154; KbM MOMEHTa HA HANUCBAHETO

[22] Geme m3BecTHA camo, ue my(6,3) < 164. Ilo-kbcHO Ge mOKA3aHO OT
APYTU aBTOPU, OTYACTU C KOMITHPHU IPeCMATaHUsA, ye 48 e 1 MakCcuMaJTHaTa
momuocT Ha manka B PG(5,3), pasnuuna or mankara Ha XUl

PaGorara [28] npoxbikasa usciaensanusara or [22]. B mes e nokazano, ue
MakcuMmasHaTa MomuocT Ha manka B AG(5,3) e 45, KaKTO U e IUHCTBEHOCTTA
Ha TaKaBa Imamka. 1A ce MmojydaBa OT IMalKaTa Ha XUJI Ype3 U3TPUBAHE
Ha nmpom3BoJsiHa 11-paBumua. ToBa e mocaemHUAT TOYEH pe3yaTaAT 3a IIAIKH,
MMOJIy4YeH B MOCJeTHUTE 15 1o uHM.

B pabGorara [38] e pasriemano emHo ecTeCcTBEHO OOOOIIEHUE HA KIACU-
yeckure manku. FEaHo MHOKEecTBO OT TOuku B PG(n,q) e (k,v)-mamnka, ako
BCsIKA [IpaBa IO IIpecuya B He moBeue OT v Todku. B [38] e mokazama ropua
TPAHMUIIA 33 MOIIHOCTTA Ha TaKaBa IIalKa M Ca IPEICTBEHU HAKOJIKO OO
KOHCTPYKIuU. Pa3rienanu ca HAKOIKO CIEIUATIHU CIIYYasd 38 MAJIKU CTOMHOCT
Ha V/,n ¥ ¢ U Ca IPEICTBEHU NOOPYU eKCININIUTHY KOHCTPpYKImu. [lo-cnenuasuo,
olpeUIeHa € MaKCUMaJlHATa MOIMHOCT Ha (k,3) manka B PG(3,5), rosto ce
okaszBa 44. C momomra Ha TO3uU pe3yarar B pabora [38] ce pemasar vyerupu
OT OCeEMTe OTKPUTU CJydYas HAa OCHOBHATA 3aJa4a HA TEOPUs HA KOOUPAHETO
3a ¢ =05,k=4.

2.3 DBuokupamu MHO:KECTBa B Kpaitau pasuunu [33, 39, 47, 52,
58]

E 1m0 My ITEMEO%EnBO K OT TOYKM B KpaiilHa IPOEKTUBHA DABHMHA Ha Vlesnc-
nes II = PHG(R®) ¢ mmosecTBO OoT Toukum P mapuuame (k,n)-Gaokuparmo
MHO:&eCTBO, ako y .~ K(r) =k u )  _, K(r) <n 3a Bcaka npasa L or II. B
[33] u [39] ce m3caenBar GIOKMpAIIN MHOKECTBA B IPOEKTUBHA DABHUHA HAJL
BepmxeH npbered R ¢ |R| =¢™, R/RadR=F,.

B [33] mokasBame, de 3a Bcsako (k,n)-6GI0KMpAIIO MYJITUMHOMKECTBO ¢ 1 <
n < ¢, e uambaEeHo k > ng™ (g +1). 3a pasauka OT KIACUYECKUTE DABHUHU
BIIOKMpAIO MHOKECTBO, JIEKAIIO HA TA3U FPAHUIA, HE € HEIIPEMEHHO CyMa OT
npaBu. Hue morkasBame. ue ako n < char R HeroBusaT o6pa3 mon neficTBUETO
Ha KagoHWuHUA ermmMopdusnm 1) R — F, e cymMa oT mpaBu BLB (haKTOp-
pasHmHAaTa. [lo cmemmasnzo, npu n = 1 Ha-MaJIKOTO GIIOKMPAINO MHOMKECTBO
e mpaBa u uma mMomuocT k = ¢" (¢ + 1). KakTto n B Knacudeckusa ciyudaii,
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NpaBUTE CE€ PAa3ryIeKIAT KATO TPUBUAJIHUA OJOKUpAIA MHOKECTBA WM CMUC-
JIEHUAT BDLIPOC € 3a HAW-MAJKOTO OJOKMPAIIO MHOMKECTBO, HECDIDLPKAIIO
npaBa. Hwe morazBame, ue ako R mMa moanpbLCTEH S CHC \/W eJIEMEHTA,
TakLB, ye R e cBobomeH karo Momysa Hanm S, To moapasHuHaTta PHG(S?) e
HEPA3JIOKUMO OJIOKUPAIIO MHOKECTBO ¢ n = 1.

B cnenmasaus cayuait Ha BepuskeH npbered R cne |R| = ¢?, R/Rad R2 F,
u n = 1, moka3Bame, ye MUHUMAJIHOTO HETPUBUAIHO OJIOKUPAIIO MHOKECTBO €
¢ momuocT ¢*+ ¢+ 1. Hue knacudunupame BCUUKN GJIOKUPAIINA MHOMKECTBA C
tasu momuocT. Oka3Ba ce, ye mpu char R = p, p IpoCTO YMCIO, CLIIECTBYBAT
IBE TaKWBa MHO:KECTBa; Ipu char R = p? mMaMe eIUHCTBEHO HEPAa3IOHEAMO
OJIOKMPAIIO MHOYKECTBO. 3a PABHUHU HAJ TAKUBA NPLCTEHU IIPEINCTABIME
KJIaC OT HePa3JIOAKUMHU OJOKAPAINM MHOKECTBA C BCAKA OT MOITHOCTHUTE ¢2 +
q+s, kbareo s € {1,...,q+ 1}.

B [39] npoabmkaBaMe U3ciaeqBaHeTO BLPXY HETPUBUAIHYA OIOKAPAIIA MHO-
’KeCTBa B PABHUHU HaJ BEPIKHU NPLCTEHU R ¢ MHIEKC HA HUJIMOTEHTHOCT 2.
Samauara € CMUCJIEHA €IMHCTBEHO 33 PABHUHU HAaJ NpLCTEeHM Ha [aJsoa, 3a-
IMOTO B TSAX He cbhlensyBaT bBeposu moapasuuau. Hue momupunupame KOH-
cTpykmusaTa Ha Penen 3a GioKupaly MHOKECTBA B KIACUYECKUATE TPOEKTUBHA
DABHMHM 33 PABHMHM HA VICJIMCIIEB HAI BEPIKEH NPDLCTEH R C ONMCAHUTE
coiictBa. llo-cmenuasHo HUE MOKa3BaMe CJIEHUS PE3yJITAT:

Hera U e muoxectBo oT ¢* Toukn B AHG(R?%). BeskpaiinaTta Touka (a) e
ompenesnena or U, ako cobimecTByBaT pazauuau Touru P,() € U, TakuBa ue
P,Q u (a) ca komuneapau 8 PHG(RY). Herka D e MHO%keCTBOTO OT Geskpaitau
Toukn, onpenenenu ot U, a D) e MHO&ECTBOTO OT CLCEIHHU KIACOBE BLPXUY
Oe3kpaiinara mpaBa BbB (PAKTOP-TreOMETPUATA, C'hALP:KAIIA TOYKA OT D. AKO
|D| < ¢* 4+ ¢, TO cbIEeCTBYBa HEPA3JIOKUMO GIOKMPAINIO MHOKECTBO B DaBHU-
mara PHG(R}) ¢ momuoct ¢> +q+ 1+ |D| —|DW|, koero cuabpxa U. Axo D
CbALPKA MPEeACTABATENM HA BCUYKU CLCENHU KJIACOBEe BLPXY Oe3kpaiiHara
nmpaBa, To B = U U D e Hepa3aoKUMO OJOKUPAIIO MHOKECTBO C MOIIHOCT
¢* +|D|.

B crarusita ca pasrnemanu npumepu, koraro U = {(z, f(x)) | x € R}. B
paborara ca mameHU HAKOW CHENUANHO QYHKIUU f, 38 KOUTO MOIMHOCTTA HA
D u DY moxe na 6bae u3dncieHa.

Pa6ora [47] e mocBereHa Ha GJIOKMpANM MHOMKECTIIA B KpallHU aduHHN
npoctpanctBa. [Ipe3 1991 r. A. Bpyen mokasa 3abee:KUTETHO HEPABEHCTBO
38 MUHUMAaJIHATa MOLIHOCT Ha l-KpaTHO Ouokupamo MmHOxkecTno B AG(n,q):
Tu He HaIXBLPis (t+n—1)(¢—1)+1. 3a ¢t =1 rasu rpasuna ce TOCTUra TPUB-
naano. 3a t =2 C. Box mocrpou Ge3kpaeH Kjaac OT OJIOKMpAINU MHKECTBA,
JeKaly Ha rpaHunara Ha DpyeH B mpous3BoJiHA pasMmepHocT. Jlo mammc-
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BaHEeTO Ha [47] He GsXa M3BECTHU APYTU NPUMEPU Ha OGIOKUPAIY MHOKECTBA,
mocTuramy rpanunara Ha Dpyen. B [47] mue mocrposBame HOB Ge3kpaeH
KJaC OT OJIOKMpAINy MHOKECTBa, NOCTUTAINY I'paHuiiaTa Ha DpyeH 3a KOUTO
t =q—n+2. Tazu KOHCTPYKIWUS € U3MOJI3BAHA MO-HATATHK 3a OIPEACIITHEe Ha
MUHAMAJIHATA MOIHOCT HAa OJOKUPAIIO MHOKECTBO B t = n — ¢ + 1, KaKTO 1
38 HAKOU APYTYW KOHCTPYKIWU, JABAIMY OJOKUPAIIY MHOKECTBA C MOIIHOCTU
OJIM3KY OO ONTUMAJIHUTE.

PabGora [52] e mocBeTeHa Ha M3CIEABAHETO HA APKUA C'HLC CBPDBLXIEIUMOCT
niu T.Hap. (¢ mod ¢)-apku. CTpyKTypaTta Ha Te3U apKU € CLIIECTBEHA IPU
n3cJaenBaHe Ha PAa3MIPUMOCTa Ha apKU B KpaAWHU HPOEKTUBHU Te€OMETPUM
WM Ha KOJOBEe Hal KpaliHu moJjieTa. B paborara e mpencraBeHa ob0Ima obma
KOHCTPYKIMSA 3a TakuBa apku, T.Hap. lifting construction. Ilokasamo e, ue
Bcska (t mod g)-apka MOke na ce mpeacTBU Kato cyMa Ha lift-Banu apku. 3a
PaBHUHU OT IPOCT pen OPOAT Ha apKUTE B TakaBa CyMa He HAIXBDLPJA peaa
Ha TOJIETO.

Crartus [58] e npoxvikenue ua [52]. B Hes ca mpencraBeHM HOBU KOH-
CTPpYKIMM Ha a@UHHM OJOKMpAINM MHOKECTBA, JEKAIlM Ha TpaHUIaATa Ha
Bon. Ilocnemmara e ycumiBaHe Ha kKjacuyeckara rpaHuna Ha bpyen.Toa
ca ILPBUTE MPUMEPU Ha OJOKMPAINM MHOMKECTBA MOCTUTAINM Ta3U TPAHUIA.
[IpencraBenTa 0b6ma KOHCTPYKIMSA U3M0OI3BA APKU B I'~-MEPHU MTOAIPOCTPAHCT-
Ba Ha PG(n,q) m Gaokupamo MHOKECTBOB a(MHHATA YACT HA AOI'LJIHEHUETO,
n3omoppua Ha AG(n —r — 1,q). Karo pesyarar ce mosyuasa GIOKMpPAIIO
MHOkeCTBO B AG(n,q). DBeskpaiiausr knac ot t-GiIOKMpamy MHOMKECTBA C
t =q—n+2 , nexkamu Ha rpanunara Ha Bpyen ot [47] ce momyuaBa KaToO
cmenuaJjieH ciaydail Ha Ta3u KOHCTPYKmus. l[loayuyeHu ca m MHOrO mpuMepu
Ha OJOKUpAIIX MHOKECTBA, JeXamu 0Jau30 no rpanunure Ha Dpyen, Loa-
Bnoxayc un Bou.

2.4 Cupemose [53]

Heka R e BepmwkeH MPLCTEH C MHIAEKC HA HUJIMOTEHTHOCT M. K IHO MHOKECTBO
S OT r-MepHE mpocTpaHcTBa Ha Menmcues ma [ = PHG(zR") ce mapuua
r-CIpen, akO BCSIKA TOYKA HA IeOMEeTPUSATa Ce CLIALPKA B TOYHO €IHO IOJ-
npoctpaBucTBO oT S. B [53] ce pasrumexmar crnpenoBe, CbhAbLPMKAIM CAMO
IIOONIPOCTPAHCTBA HAa ﬁeHMCHeB, T.€. TaKWBa, MOJYYEHU OT CBOOOIHU IOI-
Mmonynu. Jlokaszano e, ye r-cupen B [' cbimecTByBa TOoraBa M CaMO TOTaBa,
korato r + 1 menu n + 1. Ilo-HaTaTbk npencraBaMe oO0OOIIEHUE HA €IHA KOH-
cTpykmus Ha AHape 3a r-cupemose B kaacudeckure reomerpuun PG(n,q). Tsa
I03BOJISBA KOHCTPYMPAHETO HA IPOCKTUBHU DABHUHU HA VEIMCIEB OT BUCOK
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pen ot (t —1)-cupenose B PHG(zR?). EcTecTBero e na ce pasriexaaT cipe-
MOBe 1 OT HEWeJCMJIEMOBU MOAIPOCTPAHCTBA. B TO3u ciyvyail KiIacruyecKoTO
HEOOXOAMMO yCJIOBME IIpecTaBa aa ODhae MJOCTATLUHO.

[To-maTrarbk B Ta3u pabora € HaMepeHO MOCTATLUYHO YCJIOBUE 33 CLINECT-
ByBaHETO Ha crpenoBe. 10 e HAW-CUMJIHOTO HOCTATHLYHO YCJOMMUE M3BECTHO
no momenTa. CoimecTByBa Xumoresa, ye TO e u Heobxomumo. [lo-crnenuamnso,
A-cupen B reomerpusara PHG(rR"™) Ham BepuskeH npberern R ¢ ObinkaHA M
CBIIENBYBa TOraBa M CaMO TOraBa, KOTaTo /\; OeJu 1 3a BCAKO ¢ = 1,...,m.
Tyx N = (\],...,\,) e nyamaoro paszbusane HA A = (A1,...,\,).

2.5 Apru c geaunmoct [52, 54, 62, 63]

B Te3u uetupu paboru e paszBura 00ma TEOpUs HA PA3MUPUMOCTTA HA APKU
B PG(k — 1,q). Bcuukm nosmyuenu pesynratu Morar fa ce GOpPMYyJIUPAT U 3a
JUHEWHN KOJOBE KATO TOBA IO3BOJIABA YHUPUIUPAHO TOKA3ATEJICTBO HA PEI-
UIa pe3yJaTaTy 3a Pa3mUPUMOCT, KaTo TeopemuTe Ha Xwui-Jluszak, Mapyrta
u Kanma. OcHoBHaTa mmesi e ma ce BbBeOE CIENUAJEH KIaC OT apKU ChC
cBpLXAenauMocT (Hapedenu (t mod ¢), OT YMUTO CTPYKTYPHU CBORCTBA MOKE
[a ce m3Bjeve MHGOPMANUS 38 PA3MUPUMOCT /HEPA3IMUPUMOCT Ha U3CJIE IBAH-
uTe OOEKTH.

PaGora [52] e mbpBaTa craTus OT TAa3u rpyna, B KOATO € BLBEAEH KIACDHT
Ha (t mod ¢)-apkure u ca uscieaBaHu GyHIAMEHTAJIHUTE UM CBo#icTBa. [Ipen-
CTABEHU Ca HAKOJIKO OOMM KOHCTPYKIWU, Hali-BajKHATA OT KOUTO € T. Hap.
lifting construction. Ilokazano e, ue Bcsika (t mod g)-apka Moke na ce Ipen-
CTaBU KATO CyMa Ha JU(PTBAHU apku, Karo B pasHuHata PG(2,¢) Gposr Ha
CyMaHIUTE HE HaIAXBDLPIJIA (.

B [54] e mpencraBen yHU(UIMpAH DOAXOA KbLM 3aJayaTa 3a peaslmpu-
mocT. JlokazaHo e, 4e pa3smupuUMOCTTa Ha elHa apka K 3aBUCH OT HAJUYMETO
Ha XWUIepPABHUHA B HOCUTEJNs Ha cmenuaigna myaaHa apka K. Jlokazamno e,
ue MHOkecTBOTO Ha (0 mod ¢) apkuTe € BEKTOPHO MPOCTPAHCTBO, KOETO Ce
nopaskia OT IONLJIHEHUATA Ha xuneppasuunure. W3caensanu ca (¢ mod q)-
apKy 3a MaJIKM t, KATO B caydad t = 2 W TeOMETPUM C Pa3MEPHOCT MOHE J
TakrBa apkm ca BuHAru judrBanu. OT TO3M pe3yiTaT CiaeaBa HEMOCPEI-
cTBeHO Teopemara Ha Mapyra, mOKa3aHa MO-PaHO, CBHIIACHO KOSITO BCSKA
(n,w)-apka c uncaa Ha npecuyane = n,n+1,n+2 mod ¢, ¢ > 5, ¢ He"yeTHO, €
ABYKPATHO pas3muprMa. RaTo mpuiokeHre Ha Te3u Pe3yITaTu € I0KA3aHO,
ye BCAKA IMAIKa C MOIMHOCT ¢° + 1 —t, t < ty, € pa3mupuMa [0 CIUITUYHA
kBaapuka. Tyk t) € HAll-MaJKOTO €CTEeCTBEHO UMCJO, 33 KOETO CbHIIeCTBYBA
HETPUBUAJJIHO OJIOKMPAIIO MHOKECTBO C MOIMHOCT ¢ + 1 + .
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B [62] e nHanpaBena nbaHA KIACUPUKALNAA HA CUIHUTE (MAKCAMAJIHA KPAT-
HoCT Ha Touka 3) (3 mod 5)-apru B PG(2,5) n PG(3,5). ToBa e Heob6xoanMO
3a MOKa3BaHe Ha HecbimecTByBaHero Ha (104,22)-apru B PG(3,5) (unu, exBu-
BaJICHTHO, Ha KoZOBe ¢ mapamerpu [104,4,82]5. Knacuduramusara mozsonn na
ce HOI'LJIHM eIHa Npas3HuHa B nokaszarencTBoro or [51]. ITocrpoenu ca Tpu
npumepa Ha (3 mod 5)-apku, KOUTO He ca NUPTBAHU UIKM CyMa Ha JUPTBAHU.
Te3u apku ca ¢ MOIMHOCTU, CHOTBETHO, 128, 143 1 168 1 mmaT rosemMu rpynu
OT aBTOMOD(U3MMU.

B [63] e mpencraBena reoMeTpUYHN KOHCTPYKIMU 3a TPUTE apku oT [62].
Apra ¢ 128 Toukm ce mojJydaBa OT mbpBaTa OT ABeTe NLJIHN 20-IManku B
PG(3,5), krouctpyupanu or Abaranmken-Kopumapom-Jlaparo. Ipyrure nse
(3 mod 5)-apku ¢ momuocTu 143 m 168 ce mosydaBaT OT €IUITAYHATA U
xunepbonuunara ksagpuka B PG(3,5). IIpencrasena e u o6]a KOHCTPYKIUs

Ha (t mod g)-apku c , KOATO € BDL3MOKHA B T€OMETPUM OT IPOU3BOJIHA

pa3MepHOCT HaJ IOoJIe ¢ HedeTHa XapaKTepUCTUKa. IlolydeHuTe oT Ta3u KOH-
crpykmus (¢ mod ¢)-apku He ca audTBaHU.

3 Pabortu mo Teopus Ha mu3aiiHUTE

3.1 Ksasmocrarbunu musaitau [3, 4]

B kpas ma 80-Te roauHy Ha MUHAJIMA BEK €IHA OT Hall-aTaKyBaHUTE 3a1a4y 3a
610k-1u3aiiau Ge Tasm 3a KOHCTpyUpaHe Ha Au3aiin ¢ napamerpu 2-(22,8,4).
Tosa 0Gsaxa Hall-MaJKUTE Hepa3pemeHu mapamerpu B Tabaunure Ha MaToH
u Poca. 3abenexkurenHo e, dye TOBa ca MapaMeTPU Ha KBA3UOCTATDLUYCH
Iu3aiiH, KOWTO He ce pas3mupsaBa q0 cumerpuden 2-(43,12,4). Ilocaenuusr
HE CBLIECTBYBa ChIacHO Teopemara Ha Lpyk-Paiiznp-Yosna. Tasu 3amaua
e mocraseHa ome B MoHorpaduara Ha M. Xos Combinatorial Theory (1967).
Pa6oru [3] u [4] ca MoTOBUpaHM OT Tasu 3amada.

B [3] e mora3ano, ue mLaHATA IPYyIa OT ABTOMOP(QU3MU HA XUIOTETUIHIUS
2-(22,8,4)-mu3ann e 2-rpyna uiM TpuBmasHaTa rpyna. JlokazaTesicTBOTO HA
TO31 PE3YyJITaT HE BKJIIOUYBA KOMIIOTLPHU IPECMATAHUI. HeC'bHIeCTByBaHeTO
Ha mu3ailin ¢ mapamerpu 2-(22,8,4) 6e okoHuaTenHo mokazano ot Kiu. Jlam
u np. ¢ momoinra Ha KoMmioThLp mpe3 2000 r. [le orbesexum, ye conIimuTe
aBTOPU OTXBDLPJIMXA ABAHAMECET TOAUHU TO-PAHO C MOJOOHU TEXHUKUA Chb-
IeCTBYBAaHETO HA MPOEKTWMBHA paBHUHA OT pen 10.

PazButure TexHUKM B Ta3u padoTa MO3BOJMXA MOCTPOABAHETO HA AU3ANH
¢ napamerpu 2-(28,10,5). 3abene:KUTeNHO €, Ye TOBA CHIIO Ca MapaMeTpu Ha
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KBa3UOCTATbUYEH NU3ANH, YUUTO CUMETPUYEH HE CBIIECTBYBa IO TeOpeMaTa
vHa bpyk-Paiiznp-Yosaa. Toa 0sxa m BTropuTe Hepa3pelleHU mapaMeTpu B
rabaumure Ha Marton n Poca (cayuait 100 B monorpagusra ma M. Xoux).
Taxkbe musaiin e mocrpoer B [4]. lomyckaHero, 4e CBLINECTBYBa aBTOMOD-
¢u3bM OT pen 3, puKCcHpaIn e1Ha TOYKA, BOAU OO € AMHCTBEHA OPOUTHA CTPYK-
Typa Ha TaKbB AU3aliH, KOATO OT CBOS CTPaHA Ce€ Pa3MUPABA MO €IUHCTBEH
HauuH. /loKa3aTesCcTBOTO HE M3MOJ3Ba KOMIIOTBHLPHU MPECMATAHUA.

3.2 uzaiiuu ¢ moBTapsamu ce Giokose [1, 2, 5]

Pa6oru [1, 2, 5] ce orracar no ausaiinu ¢ noprapsamu ce oisokose. Te3u xoM-
OUHATOPHN KOH(GUI'YypAIMK UrPAAT Ba:KHA PO B INIAHUPAHETO HA €KCIepU-
MeHTa. BakHa XapaKTepUCTUKA HA TAKUBA NU3AMHN MUHAMAJHATA MOIIHOCT
Ha HOCWTEJNs bY. ., mepuHUpaHA MUHUMAJHUI OpOil GJIOKOBE, KOUTO Ca pa-
3IMYHYA KATO HOIMHOYKECTBA HA MHOKECTBOTO OT Touku. B [1] e mokazana
HOBa JOJIHA I'PAHNUIA 33 MOUIHOCTTA HOCUTEJ Ha BJIOK-An3aliH, ToL00psaBama
HOYTHU [Ba II'bTU U3BECTHUTE KbM MOMeHTa rpanunu. B [1] u [2] e Hamepena
MUHMMAJHATA MOIIHOCT HA HOCHUTEJs 3a PAIUla KOHKPDETHU MHOMKECTBA OT
mapamerpu: v =8, k=3, v=11k=3, v=12k =4, v=8k = 4.

B [5] ca mpexncraBeHM HOBM KOHCTPDYKIMM Ha AW3AfHM C HOBTAPSAMU CE
6JI0KOBE KaTO € NAJEHO M YaCTUYHO peIleHVe Ha eNHa 3a]a4a [I0CTABEHA OT
XenaAr 3a CbLIECTBYBaHe HA NU3AMHW, KOMTO MMAT MOIHOCT HA HOCUTEJs

TOYHO (;’) )

3.3 R-amanosu Ha mu3aiiau [45, 49, 48]

IIpes mocnemuuTe nmeceTwHa TOAWHU WM3KIIOUYUTEIHO C€ 3aCUJIN WHTEPECTDT
KbM M3yYaBaHETO HA aHAJO3U Ha AM3AHM BBHB BPBH3KA C U3MOJI3BAHETO UM
B MPEKOBOTO Koaupase. 1e3m nu3aiiHu ca MHTEPECHU U caMu 1o cebe cu,
TDBLU KAaTO MPENCTABISBAT UHTEPCHO O0ODIIEeHre Ha KIaCUYeCKUTe KOMOWHA-
TopHU mu3aiiau. B [45] Hue BLBeskmaMe u M3cieBaMe aHAJIO3U Ha NU3AMHN
B ['pacmanmana Ha MOAMOMYJUTE OT HANEH TUI HA cBOOOmHWA Momyna rR™.
Iloka3aHu ca aHaJIO3UW HA pe3yiaTaru kKiaacudeckm numi3aitau. Jlokazano e,
Ye IMpU JOIyCKAHETO HA MOBTAPAIMMU ce OJOKOBE T-AU3AaWHU CBHIIECTBYBAT 3a
npousBoJieH Tun 7. JlaneH e mpuMep Ha mHapaMeTpy Ha CIpenoBe (KOUTO MO-
rar na ObLOAT pa3rieRIaHU U KATO QU3AWHN), NPU KOUTO KOMOUHATOPHOTO
HEOOXOIMMO YCJIOBUE HE € HOCTATDHLYHO.

B paGorara [49] e mokazan aHaJIOr Ha KajJCUUYecKaTa Teopema Ha KaHTop
3a paHra Ha MATPUIATA HA WHIUIEHTHOCT, Ha moampocrpancrsa Ha PG(n, )
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¢ ¢urcumpana pa3mepHocT. Hwume mokaszBame, ye B ciiydas Ha IPOCTPAHCTBA
na Menmcies u MaTPUIM, IPU KOUTO PEeNOoBETe Ca MHAEKCUPAHU C MOIIPOC-
TpaHCTBa HAa Wemvcaes (T.e. cBOGOMHU TOIAMOIYJM), MATPUIATA € OT MAaK-
CUMAaJIEH PaHr. 3a ciydas, KOraTo peIoBeTe ca WHAEKCUPAHU C IIOIIPOC-
TpaHcTBa (HECBOOOMIHU MOAMOMIYJIN), HAE CTPOUM MPUMED MPU KONTO MATpU-
naTa Ha WHIMIEHTHOCT HE € OT MaKCUMAaJIeH PaHT.

B [48] e mpecMerHaTa meTepMUHAHTATA HA MATPUIATA HA WHIUIAEHTHOCT
Ha paBHUHU HA Wemnvcnes Hax MIPOM3BOJHN BEPUW:KHU MPHCTEHU.

3.4 lpyru paboru no ausaitau [9, 10]

PaBora [9] e rpannuna Mekmy TeOpuUs HA AU3AMHUTE U TEOPUSA HA KOIU-
pamero. B pemumna cayvam OBOUYHUTE KOMTOBE, MOPOAEHU OT MATPUIATA
Ha WHIUACHTHOCT Ha AW3aiiHu, mMaT AoOpU KOopurupamm cBoiicTBa. B [9]
ce m3cjenBaHU KOOOBeTe mopojaeHu or marpunure Ha lllaitmepoBu cucremu
or Tpoiiku. M3cmemBaH e mMHTepecHUs BLIPOC, MOKOJKO enuna Illaimeposa
CUCTEMA CE€ XapaKTepusmpa OT MOPOMAEHUS OT Hes KOM, UIU C APYTU AYMHU,
BBL3MOKHO JIM € €IVH KOJI Jna Cbabp:ka HemsoMop¢uu lllaiimepoBu cucremu
ot Tpoiiku. lokazamo e, ye riaacuueckute lllaliHepoBu cucTeMu, MOJyUYeHU
or npasure B PG(n — 1,2) uau npasure B AG(n,3), ce xapakrepusupar OT
KOJOOBETE CHU.

B [10] ca npencTaBeHr HOBU KOHCTPYKIUY HA PA3IEIUMU JU3ANHU, U3TOJI3-
Bamu KpoHekepoBO MTpou3BeAeHNE YACTUYHY PA3HOCTHI MATPUI. ROHCTPYK-
nuuTe obobmasaT mo-panHu pesyiaratu Ha K. Apacy, B. Xamepc, . FOur-
mukes u A. Ilor.

3.5 Paboru mo ekcrpemaiHa TeOpuUs HA MHO:KeCTBaTa [64]

B [64] e m3cmenBan BLOPOCDHT 3a MAKCUMAJIHATA MOIIHOCT HA AHTUBEPUTA
B pemeTKaTa Ha YaCTUYHO HapeOeHOTO MHOKEeCTBO OT BCHUYKHU IIOAMOAYJIN
Ha HecBobomeH monmyn gM Hanm BepwkeH npbcteH R. Iloka3ano e, ue 3a
IPDLCTEHN C MHAEKC Ha HUJIMOTEHTHOCT 2 M MOIYJIM OT Tum 2'1" Ta3u pemerka
HEe € HeMpPEeMEHHO OT mmimepHepoB Tumn. Hamepenu ca TOUYHWUTE CTOWHOCTU 3a
MOIIHOCTTA HA MaKCUMAJHUATE AaHTUBEPUTU. 1e3u pesyararu ca oOODIIeHn 3a
MOAYJMU OT TUIL mlln Ha o BEPUWIKHU IIP'LCTEHU C MHACKC Ha HUJIIIOTECHTHOCT M.
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4 (O0630pu U rI1aBU OT KHUT'H
B nyb6aukamumTe, mpencTaBeHM 3a ydacTue B KOHKypCa € MpeacTaBeH o00-

30pbT [21], enna raasa or kaurata “Codes over Rings” [35], kakro u nBe riasu
ot ramrara “Current research topics in Galois geometries” [42, 43].
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Ilo moe MHEHUMEe HaAll-3HAUMMUTE PE3yJATaTU OT PabOTUTE, MPEACTABEHU 34
yJyacTue B KOHKypCa Ca CJIeIHUTE:

e BLBEXKIAHE U M3CIenBaHe Ha Kjaaca Ha moutu-M /AP komosete;

e OKa3BaHE Ha CHIIECTBYBaHE HA XUIEePOBaJU B paBHuUHU Ha VesnmcieB Han
BEPWKHU NPBHCTEHN C XapaKTepPUCTUKA 4;

e pa3BUBaHE Ha F€eOMETPUYHA T€OPUs HA KOHPUT'YPAIUUTE OT TOYKU B IIPOEK-
TUBHU reomeTpum Ha Vesnmcies;

e noka3BaHe Ha 0000IeHUe Ha ThL:KIecTBaTa Ha Mary misaMc;

e NOKa3aBaHe Ha JIMHEWHATa IPencTaBUMOCT Ha KomoBeTe Ha Pun-Mamaep Han
BEPIKEH MPBLCTEH ¢ 4 eleMeHTa;

e HAMUpAaHEe HAa MakcUMaJiHaTa MOIHOCT Ha mamnka B AG(5, 3);
e KoHCTpyupanero Ha 2-(28,10,5) mu3aiin;

e HaMUpaHe Ha aHAJOr Ha OJIOKMpaIMUTe MHOKECTBA OT TUI Penen B MpOEK-
TUBHU paBHUHU Ha Menmcies;

e HaMUpaHe Ha FeOMETPUYHO JOKA3aTEJICTBO 1 0000ImaBane Ha TeOpeMaTa 3a
pPa3MUPUMOCT HA JUHENHU KOJOBE HA KPAWHO IMOJE;

e IIpeICcTaBsAHE Ha KOHCTPYKIMA 3a HECBOOOAHO pa3mUpPABAHE HA CUMILIEKC-
KOJOBETe HaJl BEPWKHU IPLCTEHU;

® HaMMpaHE€ Ha AyaJiIHa KOHCTPYKIMS Ha apPKMU B I'eOMEeTPHUUN Ha MGJIMCJIGB;

® KOHCTPYUPAH € HOB KJIacC apUHHU OJOKMPAII MHOKECTBA, JOCTUT AN I'DAHU-
narta Ha DpyeH;

® KOHCTPYUPAHU Ca MbLPBUTE IPUMEPU Ha OJIOKUPAIIM MHOKECTBA, JIEKAIA
Ha rpaHunaTa Ha Bour;

e [OKAa3aH € aHaJIOl Ha TeopeMaTa Ha RaHTOp 3a paHra Ha MaTpUIATA HA
UHIIIACHTHOCT TOAMPOCTPAHCTBA HA TOAIPOCTPAHCTBA B MPOEKTUBHU IIPOC-
TpaucTBa Ha MeaMmcies;

e pa3BUTaA € TeOopHus Ha Pa3MUPUMOCTTa HA aAPKU U JUHEHHU KOMOBE, 00X-
Balllallla BCUYKU M3BECTHU N0 MOMEHTA PE3yJITATHU 38 Pa3MUPUMOCT;
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HAMEPEHO € Hal-CUIHOTO (KbM HACTOSIINASA MOMEHT) YCJIOBUE 3a CLIIECTBY-
BaHe Ha CIIPenoBe B reoMeTpun Ha VenmcieB Ha o KpailHU BEPUKHYA IPLCTEHU
C IIPO3BOJIHA NLJIKNHA;

IOKAa3aHU ca I'PAHUIM 3a MOIMHOCTTA Ha HEJWHEWHW ABOWYHU KOIOBE C IBE
pa3CTosSHUS,

HAMEDEHO € IeOMETPUYHO ONMCAHME Ha TPU KOMIIOTLDHO IeHepupanu (3
mod 5)-apru B PG(3,5) ¢ momuocTtu 128, 143 u 168;

peleHa € 3amadvaniTa 33 HaMUpaHe Ha MAaKCUMAaJHATa MOIIHOCT Ha, aH-
TUBEPUTA B PeEIIeTKaTa Ha MOAMOAYJIUTE Ha HECBODOIEH MOIYJ OT THII 2117
HaJ BEPW;KEH NPLCTEH C UHAEKC Ha HUJITMOTEHTHOCT 2.
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